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This thesis presents a comparison between the observed time-dependent 
behaviour of three types of two-span continuous concrete beams of 
approximately the same ultimate moment carrying capacity. Reinforced, 
prestressed and composite prestressed beams were tested and recordings 
were made of strains, deflected shape and support reactions. All beams 
were tested at laboratory temperature and the duration of the experi- 
ments was approximately 9 months. Control experiments were conducted 
to determine the basic concrete properties, e. g. creep, shrinkage and 
elastic modulus, for use later in predictive analysis. 
f 
The results indicate that the long-term deformational behaviour of the 
three types of beams is different and that alteration to the support 
reaction occurred only in the case of the composite prestressed beam. 
Ultimate load tests at the end of the experiments confirmed that all 
beams were of approximately the same strength and that sustained load- 
ing and creep during the main experiments had not influenced this 
strength. 
A numerical calculation procedure is'presented for the prediction of 
time-dependent stress and strain behaviour of the beams. For this the 
length of the beam is divided into elements longitudinally and in depth. 
Cracking takes place in regions of high tensile stress and allowance 
is made for the restraining effects of the concrete between adjacent 
cracks in reinforced members. Creep has been included in the analysis 
through the effective modulus approach. 
Comparison of the theoretical predictions and experimental results was 
made for the deformational behaviour of all beam types. The theory 
is then extended to cover structures in which beams are subjected to 
thermal gradients. Theoretical comparisons are then made between the 
same three types of beam construction for similar states of tempera- 
tures and between similar beams maintained at uniform temperature and 
subjected to sustained temperature crossfalls through their depth. 
It is concluded that creep gives rise to increased deflections in all 
cases at uniform temperature (the deformations being greatest for 
reinforced beams and least for composite and prestressed beams) and 
to considerable additional increases when temperature crossfalls exist. 
For a crossfall of 60°C to 30°C (top to bottom) the predicted mid-span 
deflection of reinforced concrete beam was 1.43 times that for the 
corresponding uniform temperature case at an age of 32 days and 2.34 
times the initial elastic deflection. 
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Creep and shrinkage of concrete result in a continuous variation 
with time of-stresses and strains in the concrete and steel com- 
ponents of reinforced and prestressed concrete structures. The 
long-term behaviour of these structures will be affected by the in- 
elastic properties of concrete which will then change the redundant 
moments and forces in these structures whenever they are subjected 
to ä thermal gradient. Some of the modern methods of design require 
the use of different concrete properties in a single member, as in 
composite prestressed construction where a member has concrete 
parts of different ages bonded together so as to act as a monolithic 
unit. Each concrete part may have steel reinforcement contained 
in it. The consideration of time-dependent effects in the design 
has therefore become increasingly important to avoid serviceability 
problems such as excessive deformations and cracks. 
Numerous papers and reports have been published on the time-dependent 
inelastic properties, creep and shrinkage of concrete at atmospheric 
and elevated temperatures. Their effects on structures have also 
been reported. Concrete tests of elevated temperature in the range 
20 - 100°C show that both creep and shrinkage at 100°C may be four 
times as much as those at 20°C. 
In order to understand fully the effect of creep and shrinkage in 
concrete structures of various types it is necessary to develop 
methods of analysis which are capable of taking into account the 
geometry of the particular type of structure, its loading and 
environmental conditions. Temperature is an important parameter 
to be considered since it is frequently responsible for severe 
time-dependent redistribution of the stresses in addition to causing 
increased deformations. 
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The objectives of this present work are: 
1. To compare experimentally and theoretically the short and long- 
term behaviour at laboratory temperature of three types of 
two span continuous concrete beams of the same size and 
virtually the same ultimate capacity while carrying a constant 
sustained load. 
2. To provide an analytical numerical approach for the prediction 
of the short and long-term behaviour of the three types of 
concrete beams taking into consideration the effects of concrete 
tension between cracks developed in the beams. - 
3. To extend the above mentioned numerical approach to take into 
account the influence of temperature gradients on the short and 
long-term behaviour of the three types of concrete beams. 
0 
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f CHAPTER I 
Review of Literature relating to Material Properties 
of Concrete at normal and elevated temperature. Methods 
of creep analysis and the behaviour of concrete beams 
carrying working loads. 
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MATERIAL PROPERTIES OF CONCRETE 
1.1.1 Elastic Modulus 
Modulus of elasticity of a particular concrete mix is obtained 
by loading a concrete specimen in a testing machine to approxi- 
mately one third of its ultimate compressive strength. Graph 1.1 
shows a typical stress-strain diagram for a concrete specimen 
, 
loaded in compression or tension, in which the strain measure- 
ments are made at intervals of stress. 
It can be seen that Young's modulus of elasticity can strictly 
be applied only to the straight part of the stress-strain curve 
or when no straight portion is present to the tangent to the 
curve at the origin. The magnitude of the observed strains and 
the curvature of the stress-strain relation depend at least in 
part on the rate of application of stress. -The curvature 
increases if the rate of loading is reduced and if the rate of 
loading is increased the curvature becomes less and the stress- 
strain relationship will approach the straight line oA. 
The increase in strain while the load, or part of it, is acting 
is^due to creep of concrete. The slower is the rate of loading, 
the greater are the creep strains obtained: In sustained load 
tests, the elastic strain is usually taken as the first strain 
measurement recorded after loading. The elastic modulus in 
tension is slightly lower than in compression, but they are 
normally assumed to be equal(1). 
Immediate increase in strain is obtained when a concrete specimen 
is loaded at raised temperature than when loaded at atmospheric 
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temperatures. Part of this increase is caused by increased 
creep at the higher temperature, and part of it is caused by 
a reduction in the elastic modulus. It is difficult to exclude 
the former effect, except in a dynamic modulus test where the 
stresses induced are small and transient and will cause negligible 
creep. Tests by Philleo(3) have shown a reduction in the 
dynamic modulus when the temperature was raised from 75 to 200°F 
, 
(24 to 93°C). The decrease was 12 and 14% for a concrete with 
water-cement ratio 0.4 when tested at 28 and 90 days. The 
decrease was similar for 0.6 and 0.8 water-cement ratio. He- 
observed little difference in the percentage decrease of specimens 
air-cured at 50% relative humidity from 3 days and those con- 
tinuously moist-cured, although the values themselves were higher 
for the moist-cured concrete. 
Graph 1.2 shows the values of the secant modulus obtained by 
Saemann & Washa(4) at 3 ultimate strength at temperatures varying 
from 0 to 450°F (-18 to 232°C) it shows that for a concrete 
heated to 200-250°F (93-121°C) from room temperature (70°F or 
24°C) there was a drop in the static modulus of 10% for a 
strong concrete (curve 1C, 0.4 w/c ratio) and 20% for weaker 
concretes (curve 2C, 0.8 w/c ratio, curve 3C, light aggregates). 
Theuer(5) obtained, for a saturated specimen of 0.4 water/cement 
ratio tested at 28 days, a drop in the static modulus from 
4.66 x 106 lb/In2 (3.213 x 10 
4MN/m2)at"34°F(6°C)to 4.40 x 1061b/1n2 
(3.033 x 10 
AA 
N/m2) at 125°F (52°C). Similar reductions were 





loaded some specimens sealed against moisture loss 
and also unsealed specimens to 1000 lb/]n2 (6,895 MN/m2) at 
various temperatures in the range 20 to 140°C. After 80 days 
of sustained loading, the loads were removed and the variation 
of the modulus of elasticity obtained on unloading showed a 
general reduction of 20-25% from 20 to 100°C for sealed and 
unsealed specimens. 
ýSerafim & Guerriro(7) observed a reduction of 10% in the modulus 
at 45°C from that at room temperature, for young concretes of 
3 to 8 days old. The increase in modulus with age was correspond- 
ingly greater for the concrete kept at room temperature. 
Glucklich & Ishai(8) also found that the modulus at 45°C were 
10% less than the value at room temperature for cement paste 
-beams tested at 28 days. 
The pattern of influence of temperature on the modulus of 
elasticity is also shown in Graph 1.3. For mass-cured concrete 
there is no difference in modulus in the range 21 to 96°C (70 to 
205°F)(9), however, when water can be expelled from concrete, 
there is a progressive decrease in the modulus of elasticity 
between 50 and 400°C (120 and 750°F) (see Graph 1.3)(10) 
The decrease in the modulus depends on the aggregate used. 
These results from different sources indicate that there is a 
reduction in the modulus of elasticity on increasing temperature 
from room temperature. 
1.1.2 Creep and Shrinkage 
Withdrawal of water from concrete stored in unsaturated air causes 
drying shrinkage. Although it is a volume change, shrinkage is 
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normally measured as a linear strain. Like all other : materials, 
concrete also exhibits thermal strains, it expands on heating and 
contracts on cooling. So in a sustained load test on concrete 
subjected to varying temperature the total strain measured will 
be a combination of four different effects: 
Total strain = Elastic strain + creep + shrinkage + Thermal strain 
...... (1.1) 
" 
Shrinkage and thermal strains can be measured from a companion 
non-loaded specimen kept under the same conditions as the loaded 
specimen. Graph 1.4 shows a deformation versus time curve after 
shrinkage and thermal strain have been deducted. Shrinkage-time 
curves have roughly the same shape as creep-time curves and the 
magnitude of shrinkage in ordinary environment is of the same order 
as creep for specimens loaded to their working stresses. 
The relation between stress and strain for concrete is a function 
of time. The gradual increase in strain with time is due to 
creep. Creep can thus be defined as an increase in strain under 
a sustained stress. Creep is rapid at first, but the rate decreases 
as time goes on, and since the increase in strain can be several 
times as large as the strain on loading, creep is of considerable 
importance in structural mechanics. Creep has been noticed on 
concrete specimens even after 30 years of sustained loading 
(2) 
but the shape of the curves shows that it tends towards a finite 
limit. Graph 1.4 shows the strain movements when a specimen 
is unloaded. 
Creep occurs in compression, in tension, in bending and in shear. 
Compressive stresses are normally used to obtain creep data and 
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nearly all creep tests have been on concrete in compression 
because of the high compressive strength of concrete and of its 
greater use in compression. In determining the various factors 
affecting creep, the results are invariably from compression tests. 
There are many factors influencing the magnitudes of creep and 
shrinkage in the same way. These factors related to the 
physical properties of concrete and to the environment in which 
tit 
is stored. Creep and shrinkage increase as the water-cement 
ratio increases, as aggregate to cement ratio decreases, as the 
elastic modulus of the aggregate decreases, as the surface volume 
ratio of the specimen increases, as'the relative humidity decreases, 
as the temperature of the specimen increases. Creep is also 
affected by the loads and the loading conditions. Alternating 
wetting and drying increases the magnitude of creep so that 
results of laboratory tests may underestimate the creep under 
normal weather conditions. 
In many tests a direct proportionality between creep and the 
applied stress has been found to exist 
(11) 
with a possible 
exception of specimens loaded at an early age and it appears safe 
to conclude that within the range of working stresses the 
proportionality between creep and stress holds good. 
Fineness of cement influences creep of concrete as creep tests 
were done at a relative humidity of 55 percent using ultra high 
early strength Portland cement whose fineness is above 700 m2/kg 
all mixes having the water/cement ratio and the same stress/ 
strength ratio of 0.5. The age at loading was chosen so that all 
the concretes had the same strength. Graph 1.5 shows that 
although the creep with the finest cement was at first greatest, 
15 
it became least after 1,000 days. This is probably due to the 
high gain of strength of the finest cement with a resultant rapid 




Creep has been found to increase in many but not all cases 
due to the water-reducing and set retarding admixtures, see 
Graph 1.6. 
The effect of elevated temperature on creep was first published 
t 
to investigate cracking in mass concrete. Kelley 
(16) 
found that 
cracking occurred after 79 days-when the temperature was still 
14°F above the initial. Lee 
(17) 
found that gradual cooling as 
in a dam would not cause cracking, although tensile stresses 
developed by using a slightly different temperature. However, 
an earlier accelerated cooling caused cracking when the tempera- 
ture of the concrete was above the initial. These effects can 
be explained by the large creep rate which greatly reduced 
compressive stresses in the initial period of rising temperature. 
When the temperature began to fall these compressive stresses 
were soon reduced to zero, and with further cooling tensile 
stresses developed. Theuer(5) conducted creep tests between 
26 and 125°F (-3 and 52°C) on concrete of 0.4 water/cement ratio 
with 3 different water contents. One series was saturated, 
another was heated for one week at 40°C reducing the water content 
by 15 to 24% (referred to as semi-dry), the other was heated 
for one week at 100°C reducing its water content by 65 to 70% 
(dry). The specimens were sealed in rubber tubing and tested 
after 28 days at about 20% of the ultimate strength for 3 days 
followed by 3 days of recovery. Graph 1.7 gives the specific 
creep versus temperature curves after 3 days for the various 
concretes. The residual strains after 3 days recovery were 
16 
also greater the higher the temperature. 
Lee 
(17) 
reported some sustained load tests on concrete under 
water. He found that creep and. creep recovery both increased 
with temperature between 20 and 40°C the increase between 20 
and 30°C being greater than that between 30 and 40°C. The 
period in which observations were made was up to 9 days. 
Serafim & Guerriro( 
7ý 
tested sealed concrete at an age of 
3 and 8 days, they found only slight differences between creep 
values at 45°C and at room temperature (17 to 27°C). The 
slight increase at the higher' temperature was only felt 
in the first 5 to 7 days after loading. 
England & Ross 
(21) 
tested sealed and unsealed cylinders 12" 
(304 mm) long and 4.45" (113 mm) in diameter of a concrete of 1: 2: 4 
mix with 0.45 water/cement ratio both by weight, at 14 days after 
casting for periods of 80 and 60 days. Graphs 1.8 and 1.9 show 
their results for variation of specific creep with temperature 
after different periods of loading. The applied stress was 
approximately 20% of the compressive strength and the temperature 
range was 20 to 140°C. The results were more consistent for the 
sealed than the unsealed specimens. The unsealed specimens 
showed greater specific creep in the early days, but after 60 days 
it was approximately equal for sealed and unsealed specimens. 
Their curves show that creep is approximately proportional to 
temperature for all ages after loading between 20 and 80°C, at 
higher temperature the rate of increase in specific creep with 
temperature falls off. 
The influence of temperature on creep has become of increased 
17 
interest in connection with the use of concrete in the con- 
struction of prestressed concrete nuclear pressure vessels but 
the problem is of significance also in other types of structures 
e. g. bridges. The rate of creep increases with temperature up 
to about 70°C (160°F), when at least for a 1: 7 mix with a water/ 
cement ratio of 0.6, it is approximately 3.5 times higher than 
at 21°C (70°F). Between 70°C (160°F) and 96°C (205°F)' the 
rate drops off to 1.7 times the rate at 21C (70°F). These 
° (9) 
r 
differences in rate persist at least for 15 months under load. 
Graph 1.10 show the behaviour over a wide range of temperature. 
Freezing produces a higher initial rate of creep but it-quickly 
drops to zero 
(24). 
The effect of elevated temperature on shrinkage. was observed by 
Saemann, Warren & Washa(25). They observed an increase in the 
water loss and also in the rate of water loss in the first day 
of drying, Graph 1.11. After one day's drying at 2400F (1160C), 
water loss amounted to 4.5%, compared with an initial water 
content of 6.2%. 
Graph 1.12 shows England and Ross 
(21) 
curves for shrinkage at 
different times for a concrete heated to various constant 
temperatures. The concrete was a 1: 2: 4 mix with a water cement 
ratio of 0.45 and tested at 14 days. 
A series of tests carried out by Hannant(74) on reinforced and 
unreinforced concrete cylinders 9" (228 mm) long and 4.5" (114 mm) 
in diameter. Graph 1.13 shows the results at room temperature. 
The temperatures reached in the test cycles, duration of each 








Age at start 
of test, days 
1. 75 72 37 
2 75 144 45 
3 77 600 97 
4 77 120 123 
5 95 120 129 
6 95 300 136 
7 95 300 150 
8 132 300 164 
9 132 300 170 
10 132 150 192 
11 132 150 202 




Zero readings were taken after 8 days curing in water. In the 
initial 37 days, the specimens were kept in laboratory temperature 
at 20°C and 40% relative humidity and 20°C. Graph 1.13 shows the 
effect of reinforcement in restraining shrinkage, and the effect 
of high temperature in increasing the rate of shrinkage and after 
60 days at 100°C it may be 4 or -5 times the value at ordinary 
room temperatures. 
Restraint in the form of reinforcing bars on a gradient of stress 
increases extensibility in that it allows concrete to develop 
strain well beyond that corresponding to maximum stress. 
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A high extensibility of concrete is generally desirable because 
it permits concrete to withstand greater volume changes. The 
Bureau of Reclamation(26) made some thermal cycle tests on 
concrete at a constant strain and found that tension developed 
on cooling to the original temperature. 
1.1.3 The Coefficient of Expansion of Concrete 
Concrete has a positive coefficient of expansion, but its value 
depends both on the composition of the mix and on its hygral 
state at the time of the temperature change. 
The influence of the mix proportions arises from the fact that 
the two main constituents of the concrete, cementpaste and 
aggregate have dissimilar thermal coefficients, and the coefficient 
of concrete is a redultant. of the two values. The coefficient of 
thermal expansion of cement paste varies between about 11 x 10 
6 
and 20 x 10-6 per 
°C (6 x 10-6 and 11 x 10-6 per 
0F)(27), and is 
higher than the coefficient of aggregate. Table 1.2 shows that 
the coefficient of concrete is a function of the quantity of 
aggregate in the mix and of the coefficient of the aggregate by 
itself(28) 
Cement/Sand ratio 
Linear coefficient of thermal 
expansion at the age of 2 years 
10 6 per °C 10 
6 
per °F 
neat cement 18.5 10.3 
1: 1 13.5 7.5 
1: 3 11.2 6.2 
1: 6 10.1 5.6 
Table 1.2 Influence of aggregate content on the 
coefficient of thermal expansion(33) 
20 
Graph 1.14 shows the influence of the aggregate on the coefficient 





said that the coefficient decreases for an increase 
in age of cement paste, but Bonne11(32) states that the age of 
concrete from 2 weeks to I year had only a minor effect on the 
coefficient. Relative humidity of concrete has'an effect on 
'the coefficient which was found higher at intermediate humidities. 
For a quartz concrete, Meyers 
(31) 
obtained the following values: 
Relative humidity (%) -* 30 70 
Coefficient of expansion 10.1 10.8 
100 
9.4 x 10 
6/°C 
Bonnell & Harper 
(32) 
obtained the following values for their gravel 
concrete: 
Relative humidity (%) 32 52 65 76 ' 93 100 
Coefficient of expansion 14.0 14.6 13.1 12.4 13.5 12.2 x 
10 6/oC 
They also found that saturating gravel concrete (after air 
storage at 65% R. H. for 3 months) reduced the coefficient of 





change of coefficient from 14.6 to 8.8 x 10-'/ 0C on wetting a 




states that drying saturated concrete over 
anhydrous calcium chloride had no effect on the coefficient 
which again did not change on resaturation. Meyers 
(33) 
reported 
values for the coefficient 10.0,7.7,7.9 x 10 
6/oC 
respectively 
for 9 months sealed storage, saturated for I week, dried over 
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anhydrous calcium chloride for I week. Value changed from 
16.9 to 10.8 x 10 
6/°C for a cement paste with 9 months sealed 
storage when dried for I week at 100 
°C. 
These results show that coefficient of expansion changes when 
moisture change takes place in a concrete. 
Bonnell & Harper 
(32) 
reported the following values for the 
coefficient of expansion for a gravel concrete of 1: 6 cement 
to aggregate ratio and 2" (50.8 mm) slump: 
13.1 x 10 
6 /°C for a specimen at 65% R. H. and 
12.2 x 1076 /0C for a saturated specimen. 
The water cement ratio was not reported. 
Temperature of concrete affects the coefficient of expansion 
Bonnell & Harper 
(32) 
found a linear relation between expansion 
and temperature over the range tested of 32 to 104°F (0 to 40°C). 
Philleo(3) found that below about 500°F (260°C) the coefficient 
of expansion for concrete was the same as the room temperature 
but above about 320°C (600°F) the coefficient of thermal 
expansion increases probably owing to dehydration of the cement 
paste , as shown in Graph 1.15. At these high temperatures 
shrinkage becomes a very important factor. 
Berwanger Carl & Sarkar, A. F. 
(38) 
determined the thermal 
coefficient of expansion of concrete and reinforced concrete 
under short-term steady state temperatures -100. to 150°F 
0 (-73 to 66 C). Specimens were cured both saturated and air-dried 
in laboratory and tested at 7,28 and 84 days and at 1 year. 
One hundred and twenty five reinforced concrete prisms were 
tested for thermal coefficient of expansion. They found that 
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the coefficient decreased with increase in water cement ratio, 
increased with age, and was smaller below the freezing point 
of the concrete. The saturated concrete had lower coefficients 
than the air dried concrete. Steel reinforcement ranged from 
0 to about 5 percent: the coefficient for symmetrically reinforced 
concrete increased with the steel percentage. For unsymmetrically 
reinforced concrete, the coefficient for the face at the steel 
increased and the coefficient for the opposite face decreased 
with increased steel. 
1.2 METHODS OF CREEP ANALYSIS 
When an applied stress is sustained in a structural member it 
produces instantaneous and creep strains. Creep starts to 
develop at the time of stress application and increases as time 
progresses. It is widely accepted that, for stresses within 
service limits, both the instantaneous and the creep strains are 
linearly proportional to the applied stress. Therefore, it is 
possible to express creep as a strain per unit stress usually 
referred to as specific creep or in terms of a creep coefficient, 
C, which may be defined as the ratio of the creep strain to the 
instantaneous strain. When test values are established for either 
the specific creep or the creep coefficient, they can be used to 
evaluate the long-term strain for any value of a constant sustained 
stress in a direct manner.. Moreover, several methods have been 
established to analyse structures subjected to variable loading 
conditions, which are more common in engineering problems using 
the creep-time relations derived from constant stress tests. 
These methods are briefly reviewed and their limitations and the 
approximations involved are discussed. 
23 
1.2.1 Creep under constant sustained stress 
Let a direct stress, f, be applied on a concrete specimen at age, 
t and sustained until t. Instantaneous strain occurs at t i 2' 1 
and creep strain develops with time. The constitutive relation 
between the total strain c(t2) and the stress f(t1) is governed 
by the equation. 
E(t2) = E( c(t) 
i1 + c(t2 t1)) (1.2) 
1 
where Ec(tI) is the modulus of elasticity of concrete at time t,, 
c(t2, tl) is a creep coefficient depending on t1, (t2 - t1), the 
composition of concrete and the environment in which it is kept. 
Numerous papers on the mechanism of creep and the evaluation of 
C have been published (see Neville and Dilger(40) for list of 
references). The most significant of these for structural 
design 
purposes are given by the CEB-FIP Committee 
(41) 
and by the'ACI 
(42) (43) 
Committee 209 based on Branson and Christiason. In the 
absence of test data on the particular concrete used, the 
designer may resort to these methods for creep prediction. 
In equation 1.2, it is obvious that the instantaneous strain at tl 
as well as the creep strain at t2 are assumed to be linearly 
proportional to the applied stress. This is known to be acceptable 
for stresses below about 0.4 to 0.5 of the strength. 
1.2.2 The Principle of superposition 
McHenry (44) generalised the above assumption of linearity to 
variable stress. His findings are summarised in the following 
statement. 
Strains produced in concrete at any time by a stress increment 
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are independent of the effects of any stress applied either 
earlier or later. The stress increment may be either positive 
or negative, but stresses which approach the ultimate strength 
are excluded. The principle takes into account the entire 
stress history, and also the changes in the properties of 
concrete due to ageing. McHenry found this to hold for sealed 
concrete specimens loaded at 28 days and unloaded at 90 days. 




have shown that creep 
recovery upon the removal of stress is less than creep of virgin 
concrete loaded at the same age at which the recovery specimen 
is unloaded. It has also been noticed by Ross 
(46) 
and England 
and Illston(47) that even under increasing stress the actual 
strain is overestimated by superposition of strains in virgin 
specimens. Therefore, the dependence of the creep coefficient 
on the stress history which is ignored in the principle of 
superposition by McHenry(44), causes deviations from measured 
values. Gamble 
(48) 
and Kountouris(49) suggested that, the linear 
creep law being retained, a reduction factor be applied to 
the creep coefficient only for recovery under stress decrements. 
The reduction factor was derived from tests in which the specimens 
were fully unloaded at different ages after loading. 
1.2.3 Methods of Analysis for variable stress conditions 
A. The Effective Modulus Method 
The Effective Modulus Method is the oldest and simplest one. 
The instantaneous elastic modulus is reduced to take into account 
elastic and creep strains. If e is the elastic strain due to a 
stress of I N/mm, c is the creep strain due to a stress of 
IN/mm 
Then the instantaneous modulus E=1 Ce 
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and the Effective Modulus Ec' 
e+c 
The strain at any instant is the stress at that instant divided 
by the effective modulus at that instant. Thus it neglects 
the stress history and predicts complete recovery of creep after 
removal of stress. When there are significant variations of 
stress, this method, obviously, gives erroneous results. 
`B. The Rate of Creep Method 
In this method the time variation of stress is accounted for. 
The rate of creep at any time 't' under unit stress is the slope 
dc 
, of the specific creep curve dt at that time. If the stress 
at that time is f, then creep during an element of time is 
f. dt. dt. 
t 
Therefore, total creep is ff 
dt. dt. 
0 
This takes some account of the stress history but the rate of 
creep is assumed to be constant at that time, whether the concrete 
was assumed previously stressed severely or negligibly when 
the stress is removed at any instant, f=0, the method predicts 
no'recovery of creep. The rate of creep method is based on an 
approximate:! creep-time function in order to produce analytically 
solvable differential equations. Contrary to the effective 
modulus method, it underestimates creep strain due to stress 
increments and vice versa. The two methods, therefore, give two 
bounds to the actual solution but only when stress variation with 
time is monotonous. The rate of creep method usually gives better 
results but at the expense of greater arithmetic burden. 
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1.2.4 Approach adopted in the thesis 
In the present study the effective modulus approach is used in 
the analysis to predict the long-term behaviour of the different 
types of continuous concrete beams as the effect of concrete ten- 
sion between cracks developed in reinforced and composite beams 
could be easily taken into consideration by using the above 




1.3 SHORT AND LONG-TERM BEHAVIOUR OF CONCRETE BEAMS CARRYING 
WORKING LOADS 
1.3.1 Reinforced Concrete Beams 
A. Short-term behaviour 
Application of external load on a beam creates a moment at a cross 
section which is resisted by an internal couple in the beam caused 
by compressive stresses in the upper fibre and tensile stresses 
in the lower fibre. The neutral axis is the unstressed plane 
between the compressive and tensile zones. Cracks occur in some 
parts in the beam even at working loads when the extreme fibre stress 
exceeds the modulus of rupture of concrete, and some of the tensile 
force is transferred to the steel. At this stage the flexural rigid- 
ity decreases and the deflection increases at a faster rate. 
Graph 1.19(a)shows thei load-deflection curvefor a simply supported 
beam up to working load. 
The deflection of the beam up to its cracking load at A can be 
predicted with reasonable accuracy by simple elastic theory, the 
moment of inertia being based on the uncracked transformed 
section, or simply on the gross concrete section (line (i) in 
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Graph 1.19(a) . It is clear from Graph 1.19(a) that once a 
beam 
has cracked the use of the uncracked moment of inertia, Io, 
considerably underestimates the deflection. 
At a load greater than the cracking load Graph 1.19(b) shows the 
stress distribution in the concrete at various cross sections along 
the span. If the fully cracked, transformed moment of inertia, 'Cr' 
is now used in conjunction with elastic analysis, thereby ignoring 
the, concrete in tension along the whole length of the beam, the 
computed deflection is greater than the true deflection, line (ii) 
in Graph 1.19(a). This is generally believed to be due to the 
following three reasons: 
(a) In the uncracked regions of beam where the applied bending 
moment is less than the cracking moment the concrete is 
completely effective in tension and the moment of inertia 
is I not the assumed I o cr 
(b) At a cracked section the crack does not penetrate right up 
to the neutral axis as usually assumed in determining Icr' 
The extent of the wedge of effective concrete between the 
neutral axis and the tip of the crack depends on the ratio 
of the applied moment to the cracking moment, the smaller the 
ratio the greater the wedge, and also on the percentage of 
reinforcement in the beam. 
(c) In the cracked regions of the beam the concrete between the 
cracks still carries some tension, as a result of which the 
tensile stress in the steel at a crack is greater than the 
corresponding stress between cracks. This is generally 
referred to as the tension-stiffening effect of the concrete. 
A number of methods of calculating the short-term deflection of a 
cracked beam are available. Most of these methods allow for the 
three effects mentioned above empirically. 
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The existing methods fall broadly under two categories: 
(a) The use of an effective moment of inertia. 
(b) The idealisation of the moment-deflection curve. 




for example, proposed the use 
of an effective or average moment of inertia. The basic principle 
is to modify the cracked moment of inertia by an empirically 
adjusted factor which depends on the ratio of cracking moment to 
maximum applied moment. The unified code, CPIIO 
78), 
method also 
falls under this category, although the principle is somewhat 
different, in this case the stress of the concrete in tension in 
the cracked region is directly taken into consideration. 
The proposal to use the idealised form of the moment deflection 
(79) 
curve first came from the CEB . The approach here is to 
idealise the experimental moment-deflection curve of a cracked 
beam into a simple bilinear relationship. The total deflection 
is then calculated by the summation of two parts: A portion 
corresponding to the cracking moment, and a second portion corres- 
ponding to the moment in excess of the cracking moment. 
Beeby(80) proposed a method very similar to the CEB approach, but 
using an idealised moment curvature relationship instead of a 
moment-deflection one. 
The method which appeared in the 1969 draft of the unified code(81) 
is very similar to the CEB method, except that the moment curvature 
relationship instead of the moment-deflection one is used. A number 
of authors 
(82,80,83) 
have compared the accuracy of the various 
methods. The general conclusion is that most methods predict 
deflections reasonably well, with the calculated values differing 





Mohamedbhai(83) proposed a method whereby the curvature at various points 
along the beam is calculated and the deflection then computed by double 
integration of the curvature. The curvature at an uncracked section is 
easily determined by the use of the uncracked moment of inertia. At a 
cracked section the concrete in tension is considered between the neutral 
axis and the top of the crack. The method entirely ignores the tension- 
stiffening effect of concrete between cracks. 
Stevens 
(88) 
tested a series of simple beams consisting of 24 pairs. 
These tests investigated the effects of strength of reinforcement used, 
cover, proportions of reinforcement and environment. A further six 
pairs of beams were tested to investigate additional variables: type of 
concrete, effect of compression reinforcement and specimen size. These 
tests have shown the following behaviour: The average tensile force in 
the concrete diminishes with time at a reducing rate. The maximum 
compressive strain in the concrete, the maximum tensile strain in 
the steel and the maximum central deflection increase with time at a 
reducing rate. Concrete beams exposed to natural environment display 
about three-quarters of the deflections of companion beams in the con- 
trolled environment of the laboratory. The addition of compression steel 
equal in amount to that in the tension zone approximately halves the 
amount of creep. 
Illston and Stevens(89) studied the progress of cracking in reinforced 
concrete beams kept under load for over two years. The influence of 
major variables such as concrete cover, type of steel and conditions 
of storage was investigated. The main series of test beams comprised 
24 pairs of beams. 
Clark and Speirs(90) tested fourteen reinforced concrete simple beams 
with various depths and steel areas and nine slabs with various steel 
areas and bar arrangements. These tests were designed to provide 
information on the tension stiffening phenomenon. It is concluded that 
the tension stiffening can be calculated on the basis of an average 
tensile stress equal to fraction of the tensile strength of concrete 
acting over an effective area of concrete surrounding the bars in the 
tension zone. A value of the average tensile stress and the effective 
areas appropriate to beams and slabs was recommended. 
Srinivasa Rao and Subrahmanyam(91) proposed a semi-empirical method for 
the calculation of trisegmental moment-curvature relations for rein- 
forced concrete members taking into consideration the contribution to 
stiffness by the concrete in the tensile zone in between cracks. 
Predictions of the method are compared with tests and are found to be 
good. 
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B. Long-term behaviour 
Long-term tests on simply supported reinforced concrete beams 
carried out by some investigators have shown the following behaviour: 
1. The deflection increases at a gradually declining rate to 
several times the initial deflection after a few years. 
Hajnal-Konyi(35) found that the deflection of beams tested 
at 4 to 7 weeks old were 3.28 times the initial deflection 
after 2 years sustained loading and 3.53 times after 5 years. 
2. The strain distribution at any section of the beam is 
approximately linear even in the cracked tension zone. 
3. The concrete strain in the compressive fibre of the beam 
increases several times after a few years of sustained loading. 
Washa & Fluck(36) found that for 30 beams the strain readings at 
the level of the compressive steel were 2.34 times and 5.66 times 
the initial after 21 years but the strain at the tensile steel 
level only increased by 1.14 and 1.41 times the initial. 
Therefore, the increase in the tensile steel stresses was 
comparatively small. 
4. Washa & Fluck(36) found from strain measurements a gradual 
lowering of the neutral axis with time causes changes in the 
concrete stress diagram. Even in a non-shrinking beam, if 
creep is considered to occur in tension, the neutral axis for 
(37) 
stress and strain do not coincide as in short-term behaviour. 
5. Washa & Fluck(36) found that compressive steel reduces the 
total deflection after sustained loading, but using equal 
areas of tensile and compressive reinforcement they found the 
increase in deflection over two and a half years was only 
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46% of the increase in beams without compressive reinforce- 
ment. Using half the above amount of compressive steel 
the increase in deflection was 62%. 
6. Compressive reinforcement reduces the total strain in the 
extreme compressive fibres. 
7. Sustained load does not affect the ultimate load. 
Glanville & Thomas 
(37) 
found no difference in the ultimate 
load of beams tested after 6 to 9 months sustained working 
load and theircompanion non-loaded shrinkage beams. 
Long-term tests on two-span continuous reinforced concrete beams 
(39) 
carried out by Washa, G. and Fluck, P. G. have shown the 
following behaviour: 
1. Inclusion of arbitrary amounts of compressive steel in 
positive moment regions is effective in reducing creep 
deflection. 
2. Ratio of 21 year creep deflection to the immediate elastic 
deflection varied between 1.03 and 1.62. 
3. Mid length reactions increased during the sustained loading 
periods. The increase was about 5 percent for beams without 
compressive steel in the positive moment region and about 
2 percent for beams with compressive steel. The increase 
in reaction was accompanied by a corresponding increase in 
mid length bending moment. 
4. Inclusion of full compressive steel in the positive moment 
region reduced compressive creep strains in that region by 
about one half. 
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5. Tensile creep strains in the positive moment region were small 
but were greatest for beams with full compressive steel. 
6. Compressive creep strains in the negative moment regions 
were found to be nearly the same for all beams of a given 
type despite the difference in compressive reinforcement in 
. the positive moment region. 
. 
7. Tensile creep strains in negative moment region were found 
relatively large, but inclusion of full compressive steel in 
the positive moment region decreased these strains by more 
than one half. 
1.3.2 Prestressed Concrete Beams 
A. Short-term behaviour 
In general, prestress involves the imposition of stress opposite 
in sign to those which are caused by the subsequent application 
of service loads. Prestressing wires placed eccentrically in a 
simple beam produce an axial compression as well as a bending 
moment, and the beam cambers up due to the eccentricity of the 
cable. The camber increases as time goes on. The application 
of live loads let the beam deflect downwards and may or may not 
continue to camber under sustained loads depending on the amount 
of loading. There are two systems of forces and the deflection and 
stresses can be calculated by superposing the two effects. 
Graph 1.17 shows the superposition of stresses for a prestressed 
concrete beam. 
The uncertain effects of concrete in tension and cracking dö not 
arise in fully prestressed beams because under working loads, 
concrete remains uncracked. 
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B. Long-term behaviour 
Superposition by direct addition is usually assumed to hold 
because creep is proportional to stress in the working range of 
stresses. But Davis(45) pointed out that the superposition is 
only exact if McHenry's(44) Principle holds. Creep is very 
important in prestressed concrete because at all stages after 
prestressing the concrete beam will be subjected to working 
f 
stresses whether the live load is acting or not. 
There are two main factors which reduce the prestressing force 
in the tendons with time: 
a. Creep and shrinkage 
b. relaxation of stress will occur at constant strain due to 
the high stresses in the tendons ACI Committee 435(52) 
suggests that the long-term deflection due to transverse 
load should be separated from those due to shrinkage, 
prestress and loss of prestress. The deflection at any 
time is the algebraic sum of these effects. Long term 
deflection due to transverse loads is increased by the 
creep factor defined as creep 
strain For the instantaneous strain' 
other effects, creep occurs under varying stresses because 
the prestressing force is gradually reduced. Shrinkage 
strains are added to the creep strains and these resulting 
strains, together with a knowledge of the relaxation 
properties of steel, enable the calculation of deflection 
due to causes other than transverse loads. 
Corley, Cozen & Siess(53) measured the deflection of 4 long 
term tests on prestressed concrete beams and compared these 
with calculated values. Good agreement was obtained between 
measured and computed curves by either the rate of creep 
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or superposition method. Branson & Oze11(54) observed the 
increase in camber in prestressed concrete beam without trans- 
verse loads. 
Branson, D. E., Meyers, B. L. and Kripanarayanan(55) , used sand 
lightweight concrete in prestressed laboratory beams and bridge 
girders, they studied the behaviour of 5 non-composite pre- 
I 
stressed beams and field measurement of camber of prestressed 
girders. The computed initial camber agreed well in most cases 
with the measured initial camber. All of the bridge girder data 
indicated an increase in camber of about 0.4" (10.16 mm) between 
300 to 370 days. This appears to be due to higher, temperature 
and is consistent with the observations of Delarue(56). The 
computed prestress loss for the laboratory non-composite beams 
was slightly higher than the experimental results. The direct 
application of laboratory creep data for uniformly loaded speci- 
mens to beams with non-uniform stress distribution appears to 
slightly over-estimate the creep effect relative to loss of 
prestress of non-composite beams. The same over-prediction was 
not found in the case of camber, apparently because the stress 
component F/A which is a dominant factor in loss of prestress 
results does not contribute directly to camber. In tests of 
prestressed concrete beams reported by Cottingham, Fluck & Washa(57) 
the deflection and strain readings were commenced after loading, 
so in the bottom fibres the initial strains were tensile. In 
fact, the concrete was generally under compression in those 
fibres due to prestressing force and would creep in compression. 
With the passing of time the strains might change from tensile 
to compressive. The same applies to creep strains of tests 
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carried out by Cernica and Charignon(58). They also reported 
the following observations: 
1. The ratio of the 7 year creep deflection to the immediate 
elastic deflection varied between 1.23 and 1.73. 
2. The creep reflections and the compressive creep strains 
near the top of the beam increased at a decreasing rate as the 
tperiöd of sustained 
loading increased. 
3. About 75 percent of the 7 year creep deflection was obtained 
in the first year of loading. 
4. Beams subjected to sustained loads that did not produce 
cracking during the 7 year creep tests showed essentially the 
same elastic behaviour on unloading that they had during original 
loading. 
5. The loads required to cause failure of the beams which had 
been loaded to 2,4 and 
full design load for 7 years were not 
significantly different. 
6. The beams which sustained full design load developed tension 
cracks and changed their elastic properties. 
1.3.3 Composite Prestressed Concrete Beams 
A. Short-term behaviour 
Composite construction is an attempt to economise over normal 
prestressed concrete design and yet retain the advantages of 
" that type of construction. The precast and cast in place 
portions thus act together (with stirrups if necessary) and 
form a composite section. 
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Graph 1.18 shows a composite section at the midspan of a simply 
supported beam, whose lower stem is precast and lifted into 
position with the top slab cast in place resting directly on 
the stem. If no temporary intermediate support is furnished, 
the weight of both the slab and the stem will be carried by 
the stem acting alone. After the slab concrete has hardened, 
the composite section will carry any live or dead load that may 
be added onto it. 
In the same figure, stress distributions are shown for various 
stages of loading. These are discussed as follows: 
(a) Owing to the initial prestress and the weight of the 
stem, there will be heavy compression in the lower fibres 
and possibly some small tension in the top fibres. The 
tensile force, T, in the steel and the compressive force 
C in the concrete form a resisting couple with a small 
lever arm between them. 
(b) After losses have taken place in the prestress, the effective 
prestress, together with the weight of the stem, will 
result in a slightly lower compression in the bottom fibre 
and some small tension or compression in the top fibre. 
The C-T couple will act with a slightly greater lever 
arm. 
(c) Owing to the addition of the slab, its weight produces 
additional moment and stresses as shown. 
(d) Owing to effective prestress plus the weight of the stem and 
slab, we can add (b) to (c) and a somewhat smaller com- 
pression is found to exist at the bottom fibres and some 
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compression at the top fibres. The lever arm for the C-T 
couple further increases. 
(e) Stresses resulting from live load moment are shown, the 
moment being resisted by the composite section. 
(f) Adding (d) to (e) we have stress block as in (f) with slight 
tension or compression in the bottom fibres, but with high 
compressive stresses in the top fibres of the stem and the 
slab. The couple T and C now acts with an appreciable arm. 
The above shows the stress distribution under working load 
condition. 
Evans, R. H. and Parker, A. S. 
(59) 
tested three types of composite 
prestressed beams, they found the following: 
(a) Good bond between prestressed and in-situ concretes can be 
obtained if the jointing surface is sufficiently roughened. 
Bond may be assisted by leaving stirrups protruding from 
the prestressed concrete. 
(b) Composite construction does not affect the extensibility of 
either prestressed or in-situ concrete. 
(c) The relative qualities of concrete in a. composite design 
do not affect bond. If the relative strengths are taken 
into-consideration in the normal way, then the only additional 
effect peculiar to this type of construction is that of 
differential shrinkage. 
(d) Any of the plastic theories of failure may be applied to 
composite beams in the same way as they are applied to the 
normal prestressed beams. 
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(e) The differential shrinkage between the two elements may 
affect cracking loads either to advantage or adversely 
and the magnitude of the effect may be as much as 20% 
in normal design. 
Ozell(60) tested to failure four groups of composite simple 
beams which were made of prestressed beams 8" (203 ' mm) wide 
and 10" (254 mm) deep. These were later topped with a cast in 
'place portion also 8" (203 mm) wide and 10" (254 mm) deep 
making a composite beam 8" (203 ' mm) wide and 20" (508 mm) 
deep. His results lead to the following conclusions: 
1. The friction and natural bond between the cast in place 
and the precast concretes is sufficient to resist all 
horizontal shearing forces up to cracking load. To 
ensure monolithic action beyond the cracking load the 
contact surface should be roughened to provide mechanical 
bond. 
2. Although there seems to be almost no distinction in the 
behaviour of beams with roughened contact surfaces but 
having no shear ties and those with stirrups extending 
into the cast-in-place concrete, use of long stirrups 
to serve as shear ties seems advisable to ensure a more 
positive composite action. 
3. Flexural strain distribution of the beams gave further 
evidence of complete bonding of the two concretes and of 
monolithic and elastic behaviour. 
4. Deflections may be predicted accurately using the theoretical 
moment of inertia. 
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An experimental investigation of the flexural properties of 
composite prestressed concrete beams was carried out by Bryson, 
J. O., Skoda, L. F. and Watstein, D. 
(61) 
The composite beams 
were made by separately forming the tensile and compressive 
sections of the beams. The tensile section was cast first and 
prestressed and the compressive section was formed with plain 
concrete bonded to the prestressed element. Three sets of 
composite beams were tested and the results compared with those 
from conventionally prestressed beams. They concluded that the 
flexural behaviour of the composite beams and the reference 
prestressed beams were similar up to the cracking load, but beyond 
the cracking load the reference prestressed beams exhibited a 
greater degree of stiffness than the composite beams. The 
procedure used for combining the two elements of composite beams 
proved to be adequate for the development of sufficient bond for 
monolithic beam action throughout the tests. They found also for 
the same working load capacity, the prestressing force required 
for composite beams is considerably less than that required for a 
conventionally prestressed beam, and consequently a significant 
reduction in the amount of reinforcing steel can be achieved by 
this method of construction. 
B. Long-term Behaviour 
Mattock 
(62) 
reported results of an extensive laboratory investigation 
of a type of bridge involving precast, prestressed I-shaped girders 
with a continuous, situ-cast deck slab. His investigation is ' 
concerned with the influence of creep and shrinkage of the concrete 
on the long-term behaviour of this type of composite continuous 
construction. It is found that creep and shrinkage will not affect 
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the ultimate load carrying capacity of the girders, the influence 
of creep and shrinkage is restricted to deformations and 
possibility of cracking at service load level. In view of the 
qualitative agreement between experiment and theory presented in 
the investigation, it is concluded that if a statically in- 
determinate concrete structure is made from several precast 
elements, which are made continuous with one another after being 
subjected to permanent loads as separate elements, then the 
distribution of moments and forces within the structure will 
progressively change during the subsequent life of the structure. 
Branson and Ozel1(63) studied both experimentally and analytically 
the effects of shrinkage and creep in composite construction 
consisting of a prestressed concrete beam and cast-in-place 
slab, they found that the most important variables influencing 
the effect of shrinkage and creep in composite prestressed con- 
crete beams are the following: 
(a) relative casting dates 
(b) surrounding moisture conditions 
(c) whether slab is reinforced or not 
(d) relative quality of the two concrete mixes 
(e) magnitude of prestress. 
Evans and Chung 
(64) 
reported a simple method of analysing the 
effects of differential shrinkage in composite members. Their 
study leads to the following recommendations, insofar as 
differential shrinkage is concerned. 
1. Concrete mixes having similar moduli of elasticity should 
be used for the precast component and the cast-insitu 
component. 
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2. A rectangular composite beam should be proportioned in 
such a way that the depth of the cast-insitu component 
is two to three times the depth of the precast component. 
3. A section with a relatively small flange, both in thickness 
and depth should be adopted for a composite T-beam. 
(65,40) 
and Neville, 
40) have reported a method of analysis for 
the time-dependent behaviour of these beams which considers changes 
r 
of stresses as unknowns and involves a large number of equations 
for analysis. 
Rao and Dilger(66) developed the varying stiffness method of 
analysis for the time dependent behaviour of composite prestressed 
concrete beams and compare the analyticial results with experi- 
mental values and a fairly good agreement is found between the 
two. 
Tadros, Ghali and Dilger(67) present a general approach for the 
analysis of the effects of creep and shrinkage of concrete and 
relaxation of prestressing steel in composite beam on plane frame 
statically indeterminate or not. The method assumes that concrete 
creep is proportional to stress and thus superposition of stresses 
and strains is assumed valid. 
1.3.4 Effect of thermal gradient on the elastic and long-term 
behaviour of concrete beams 
Simply supported homogeneous beam subjected to a constant thermal 
gradient will give rise to no stresses over the cross section and 
the beam bends. Some stresses will be produced if the beam is 
made of reinforced concrete or composite prestressed concrete 
because of the differing coefficients of thermal expansion of 
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the two composite materials, steel and concrete in reinforced 
concrete and steel and different concrete mixes in composite 
beams. If the temperature distribution is not linear, additional 
stresses will be set up because the strain distribution at a 
cross section must remain linear. If we allow each small 
longitudinal element of the beam to undergo thermal expansion 
without restraint, thus producing a free strain diagram as shown 
by line DD in Graph 1.16. These strains are compatible with the 
assumptions of plane sections and give rise to no stresses over 
the cross section when the temperature distribution is linear. 
When the free strains do not conform to compatibility, then 
compatibility and equilibrium can be achieved by introducing the 
straight line AA which represents the actual strains in the 
element. Thus the strains represented between lines AA and DD 
are associated with stresses which themselves satisfy the 
equilibrium conditions of the longitudinal element. These 
stresses can be calculated once the distribution of temperature 
is known by applying two equations of equilibrium: 
1. Total forces in the longitudinal direction must be zero. 
2. The moment of these forces about any horizontal axis in 
the plane of the cross section is equal to the external 
applied moment, M. 
Davis 
(68) 
has given values of end restraint moments for rectangular 
parabolic and triangular distributions of temperature gradient 
along the beam, and Fischer 
(69) 
has given the values for a 
general distribution. If the tensile stresses caused by the 
restraints exceed the modulus of rupture for concrete, then the 
steel reinforcement will be required. In biological shields for 
nuclear reactors, preliminary elastic design assumes that the 
0 
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the walls are restrained from bending. Bonsall(70) has calculated 
that for permissible stresses in concrete and steel of 1000 and 
2 
18,000 lb/m2 (6895 and 1.24 x 10 14N/m. 
2) 
and neglecting concrete 
in tension, then if the temperature difference in the wall 
exceeded 87°C either the concrete or the steel would be stressed 
beyond their permissible values, but if the temperature difference 
was 50°C, only nominal reinforcement would be required. 
Davidson 
(71) 
also obtained the same kind of values. Davis 
(68) 
calculated that only 0.2% of steel was required if the temperature 
difference was 69°C and 1.6% required for a difference of 97°C. 
In continuous structures subjected to temperature changes, we 
can first consider each member to be fixed in position. Moments 
and axial forces are set up in each member and these are 
distributed to obtain the final values of moments and forces 
(69,72). 
It is seen that thermal stresses will be produced if free 
expansion is restrained either by non-linear temperature dis- 
tribution or by externally applied restraints. These stresses 
will be modified by creep which is much increased under elevated 
temperature conditions. Shrinkage will accompany creep effects 
if moisture loss can occur. 
Hannah 
(73) 
has tested unreinforced gravel concrete beam 
10" x 6" x 10'" (254 mm x 152.4 mm x 3.048 m) subjected to a 
temperature crossfall of 90°F (50°C) with a mean temperature of 
178°F (81°C). The beam was simply supported over 9 ft. (2.74 m) 
span and was initially free from external loads. Rapid 
shrinkage took place on heating since it was unsealed. After 
17 days equal loads were applied at the third, points producing 
deflections in opposition to the thermal gradient deflections. 
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His results are given in Graph 1.20 which shows a plot against 
time of the central deflection with respect to the third points. 
The curve depicts the initial upward deflection due to the 
thermal gradient and rapid reduction of this with time by 
shrinkage which was greater at the hot face than the cold. 
Then the beam deflected downwards on applying the loads and 
continued to do so under the combined influence of creep and 
shrinkage. Also shown in the figure are the thermal gradient 
curve and the deflection curve of a non-heated companion beam 
subjected to the same loads. Two calculated deflection curves 
for the heated beam are also shown, one neglecting creep and the 
other including creep obtained from speciments kept at a laboratory 
temperature of 70°F. It shows the inadequacy of these methods in 
predicting such deflections. 
England and Ross(21) have tested reinforced concrete beams of 
5" x 4" x 24" (127 mm x 101 mm x 609 mm) which were flexurally 
restrained. The beams were subjected to a thermal gradient and 
did not carry the live loads. Two beams were cast back to back 
with large stirrups near their ends to prevent bending. They 
were reinforced in tension with 0.612 of steel: Graph 1.21 shows 
the variation in steel stress with time. Heating was commenced 
at 80 days after casting so that some compressive stresses were 
induced in the steel by shrinkage before heating. After heating 
the steel stress initially became tensile, but the direction soon 
changed back to compressive. The elastic theory solution is also 
given and shows a large discrepancy between it and the experi- 
mental curve. They analysed the stress and strain situations 
incorporating the effects of creep and shrinkage at the various 
elevated temperatures and also the effect of cracking using a 
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step-by-step method taking sitiall time increments. The curve 
for their predictions is also given in Graph 1.21. Good agree- 
ment was obtained between predicted and experimental curves 
bearing in mind the uncertainties of cracking and the creep 
and shrinkage data. 
England and Ross tested a similar specimen but this time moisture 
loss was initially prevented by sealing it in a copper jacket. 
The measured steel stress on heating was only 25% less than the 
elastic value and little variation was obtained for 50 days. 
After this period, the copper jacket was removed and a sharp 
reduction in steel stress to nearly zero after 30 days was 
recorded. This brings out clearly the effect of shrinkage of 
concrete on the steel stress. 
In one set of unsealed beams, compressive steel equal in area 
to the tensile steel was used. Large increase in the com- 
pressive steel stress was measured. 
Hannant(74) tested concrete slabs reinforced in tension also 
cast back to back and restrained from bending. He obtained 
large reductions in tensile steel stresses after heating. 
Sometimes the steel stresses changed into compression even while 
the thermal gradient was considerable. On cooling large com- 
pressive stresses were always induced in the steel with tensile 
stresses in the concrete which was originally in compression. 
These tests demonstrate the important effect of creep and shrink- 
age under elevated temperature conditions on concrete beams 
subjected to a thermal gradient. In plain concrete beams 
(73) 
the deflections were much increased and after long periods of 
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loading the elastic theory predicted the wrong direction of 
deflection in flexurally restrained reinforced concrete members. 
The elastic theory predicted the wrong sign of tensile steel 
stress when they had been heated for a long time and particularly 
on cooling. In concrete, tensile stresses were induced in regions 
which, according to the elastic theory, were under compression. 
Ross, England and Suan(19) tested heated simply supported and 
continuous prestressed beams. The simply supported beams were 
5" x 8" x 10' (127 mm x 203 mm x 3.048 m). The continuous beams 
I had the same-section and total length but were divided into two 
spans each of 5 ft. (1.52 m). Certain principles and assumptions 
were presented and an iterative numerical method was introduced 
to allow for creep in the calculation of the variation with time 
of stresses, strains and displacements. The results of the tests 
are compared with the predictions of the theory. Finally it is 
concluded that in most cases, the stresses of prestressed beams 
which are subjected to a sustained temperature crossfall exhibit 
severe variations with time and there are substantial changes in 
the reactions due to sustained temperature crossfall. It was 
found also that cooling after a period of sustained heating is 
likely to create tension in some beams and may lead to cracking 
despite the prestress. It is also demonstrated in general terms 
that under a prolonged temperature crossfall, a prestressed 
concrete beam will in general reach a stable stress distribution. 
Suan(20) tested two span continuous beams as well as simply 
supported beams. The beams were subjected to a crossfall of 
about 35 - 45°C between the hot and cold faces with max tempera- 
ture of about 85 - 100°C. The long-term deflections of two 
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reinforced concrete and four prestressed concrete simply supported 
beams showed severe deviations from elastic theory. Four pre- 
stressed concrete continuous beams were tested, two with level 
supports and two with the central support raised. A marked change 
with time in the reactions caused by the thermal gradient was 
observed and this was due to creep and shrinkage at the elevated 
temperature as shown in Graph 1.22. 
Arthanari(22) carried out experiments to study the behaviour of a 
long prestressed concrete ring structure under a combination of 
temperature gradient and internal pressure loads. As a simple 
structural member for these tests, a flexurally restrained beam 
sealed on five sides, representing a ring structure of infinite 
radius with the desired moisture movement was chosen. Two sets 
of 4 ft. (1.21 m) long twin beams 12 x 16, in. (304 x 425 mm) in 
section subjected to a temperature gradient of 36.5°C but under 
different prestress were used in these tests. His experiments 
lead to the following conclusions: 
Differential creep together with differential shrinkage 
causes a redistribution of stresses in ring structures 
subjected to temperature gradient. The elastic thermal 
stresses may even be nullified by sustained heating. 
2. The initial cracking may close in course of time owing 
to creep and shrinkage. 
3. The iterative analysis based upon the rate of creep method 
has been quite successful in predicting the behaviour of 




described numerical procedure for uniaxially pre- 
stressed member subjected to a linear temperature crossfall. The 
example corresponds to that of a flexurally restrained beam in 
order to discuss the influence of creep and temperature with 
reference to the calculation of stresses in prestressed concrete 
structures. His analysis shows that under conditions of non- 
uniform temperature and stress, stress distribution takes place 
and this is accompanied by changes of redundant forces and moments 
which thus become time-dependent quantities. The procedure shows 
that under conditions of sustained temperature and loads, moments 
and reactions' will eventually stabilise and that these steady-state 
quantities which result from creep may be calculated directly and 
without reference to the elastic modulus or coefficient of thermal 
expansion of concrete. 
England 
(87) 
discussed the effects of creep and temperature on the 
behaviour of concrete structures by three methods of analyses based 
on a specific thermal creep concept. Stresses become time variables 
in structures which are subject to thermal gradients, because creep, 
which is temperature-dependent, causes redistribution of stress to 
take place. 
He concluded that some saving of computational time can result by 
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Experimental work - short-term (elastic) behaviour and 
ultimate strength of reinforced, prestressed and composite 
prestressed concrete simple beams. 
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2.1 SIMPLE BEAMS 
2.1.1 Synopsis 
Experimental studies on elastic behaviour and ultimate strength of 
reinforced, prestressed and composite prestressed concrete simple 
beams of the same size and virtually the same ultimate capacity 
are reported. 
Test results of three rectangular simple beams are presented. 
All'the beams failed in flexure either by crushing of concrete 
after excessive elongation of reinforcement or by crushing of 
concrete while steel was in the elastic range. 
The ultimate load tests on reinforced and prestressed concrete 
beams were carried out at an age of 28 days, and after 28 days from 
casting the reinforced concrete portion of the composite beam. 
Whitney's method 
(30) 
was used in designing beams sections: the 
experimental results show that the assumptions of the above- 
mentioned method are satisfactory. 
2.1.2 Introduction 
The principle object of the investigation was to provide a direct 
and quantitative comparison of the elastic and ultimate behaviour 
of simple concrete beams with three types of straight tension 
reinforcement: 
1. Deformed bar reinforcement; 
2. Pretensioned reinforcement; 
3. Composite prestressed plank reinforcement. 
Tests were conducted to determine the longitudinal strain distribu- 
tions, vertical deflections, cracking loads and ultimate loads. 
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The experimental ultimate moments were in good agreement with the 
designed values for all three types of concrete beams. 
Three simple beams 127 x 204 mm in cross section and 1.67 m 
overall length were tested with equal loads at the third points of 
a 1.52 metre span. 
2.1.3 Experimental beams and details of concrete mixes A and B 
2.1: 3.1 Dimensions and reinforcement 
The reinforcement of the three types of beams are presented in 
Table 2.1.1. The reinforcement and position of the stirrups are 
shown in Figs. 2.1.1,2.1.2 and 2.1.3. 
The dimensions of all the beams were 127 x 204 mm in cross section 
and 1.67 m overall length and4 they were designed to have the same 
ultimate moment capacity. The prestressing wires used in prestressed 
and composite prestressed concrete beams were 5 mm in diameter and 
each wire was initially tensioned to 1132 MNlrj2 
The properties of reinforcing steel used are given in Table 2.1.2. 
Beam Top Bottom 
Stirrups 
Type Reinforcement Reinforcement 
R. C. I No. 8 mm 0 3 No. 8 mm 0 1 No. 8 mm 0 
deformed bar deformed bars deformed bar @ 
127 mm 
P. C. - 2 No. 5 mm 0 1 No. 8 mm 0 
H. T. S. bars deformed bar @ 
127 mm 
C. P. C. - Prestressed pre- I No. 8 mm 0 
tensioned concrete deformed bar @ 
plank reinforced 127 mm 
with 2 No. 5 mm 
0 H. T. S. bars 
Table 2.1.1 Reinforcement in reinforced, prestressed and composite 









8 mm 0 427.490 503.500 179.27 
deformed bars 
5-mm 0 - 1652.590 197.88 
H. T. S. bars 
Table 2.1.2 Properties of Reinforcing Steel 
2.1., 3.2 Mix 
Table 2.1.3 presents proportions by weight of concrete mix types 
A and B used in concrete beams. 
Table 2.1.4 presents the beam type and concrete mix used. 
The coarse aggregate was a flint gravel and contained equal portions 
of those of size between 16" and 




(9.5 mm and 19 mm). The properties of concrete 
mixes used are given in Table 2.1.5. 
Beam Type Mix Type used 
R. C. A 
P. C. B 
C. P. C. 
a. Cast in A 
place portion 






T e ate g 
A 1 2 4 0.50 
B 1 1.9 2.8 0.45 
Table 2.1.3 Concrete mix types 
used in Concrete 
Beams 
Table 2.1.4 Type of Concrete 
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2.1.3.3 Mould 
Beam rigid steel mould used is shown in Photo 2.1.1. 
2.1.3.4 Casting Procedure 
(a) Reinforced and prestressed concrete beams. One beam 127 x 
204 mm in cross section and 1.67 m overall length. Four 100 mm 
cubes and four 113 mm diameter x 304 mm long cylinders were 
cast together. The ingredients were put into a pan mixer for 
three minutes. The beam was vibrated with a Kango electric 
hammer and the cubes and cylinders were made on a. vibrating table. 
After the last layer the beam was finally smoothed off with a trowel. 
(b) Composite prestressed concrete beam 
Prestressed Portion: 
One plank 51 x 123 nm in cross .- 
section and 1.67 metres long, four 100 ram cubes and four 113 mm 
diameter x 304 mm long cylinders were cast together. The 
ingredients were put into a pan mixer for three minutes. The plank, 
cubes and cylinders were made on a vibrating table. 
Photo 2.1.2 shows the plank rigid steel mould and the pump 
operating the hydraulic jack to stress the wires just before 
casting. 
Cast in place portion: 
When the plank was 14 days old cast'in place portion, four 100 mm 
cubes and four 113 mm diameter x 304 mm long cylinders were cast 
together. The casting procedure was the same as the one used in 
reinforced and prestressed concrete beams. 
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2.1.3.5 Curing prior to testing 
The beams were covered with wet sacks on the day after casting. 
Table 2.1.6. presents all the operations undertaken from casting 
till testing. 
2.1.4 Testing Apparatus 
Photos 2.1.3,2.1.4 and 2.1.5 show reinforced, prestressed and 
coniposite prestressed concrete simple beams on the testing rig 
after failure. 
2.1.4.1 End supports 
The end supports were so made of H. T. S. bars that the beam rested 
on two steel plates which in turn rested on two knife edges spaced 
at 1.52 metres apart(see Photo 2.1.3). When the beam was seated 
on the supports some wet plaster was placed between the concrete 
and steel plate to offset any irregularities in the concrete 
surface and any displacement between the two surfaces. 
2.1.4.2 Loading apparatus 
Static loads were applied to the centre of each beam by 20 tons 
hydraulic jack connected to hydraulic testing machine. ` 
2.1.4.3 Strain gauges for deflections 
Three dial gauges, each reading 0.01 mm per dial division were 
used. They measured rigid holly movements at the ends of the beam 
and the mid span displacement during the loading operation. 
2.1.4.4 Strain measurement 
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division corresponding to 0.78 x 10-4 in. (19.8 x 10-4 mm)) were made 
at the mid span at the following locations 










a = 25.4 mm 
2.1.5 Testing Procedure 
Load was applied in increments of 1000 lbs. (4448 N)while readings 
were taken of deflection and strains at each increment of load up 
to cracking. The dial gauges were removed soon after cracking so 
that they would not be damaged at failure and the load is increased 
up to failure of the beams. 
Photo 2.1.6 shows the mechanical instruments used in measuring 
strains and displacements. 
2.1.6 Results and Discussions 
2.1.6.1 Cracking and ultimate loads 
Table 2.1.6 compares the measured and computed values of the crack- 
ing and ultimate loads of the three types of concrete beams. The 
cracking load was determined by a combination of three methods. 
The first by observation of the beam for any visible cracks, the 
second was by detecting an appreciable increase in the strains and 
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the third was by observing a sharp break in the load deflection 
curve. 
B T 
Cracking Load kN Ultimate load kN 
eam ype 
Measured Computed Measured Computed 
R. C. 7.5 9.1. 42.25 39.50 
P. C. 17 14.8 37.80 41.59 
. 
C. P. C. 28.00 30.01" 37.80 43.00 
Table 2.1.6 Cracking and ultimate loads measured versus 
computed values - simple beams 
2.1.6.2 Strain gauge readings 
Measured strain distribution at mid span gauge lengths corres- 
ponding to the tested beams are plotted in Graphs 2.1.1, '2.1.2 and 
2.1.3. 
Upon further increase in bending moment, the strain increases and 
its distribution greatly deviated from a straight line and the 
neutral axis moves further towards the compression side as failure 
is approached. 
2.1.6.3 Deflections 
Mid span load deflection curves for the beams tested to failure 
deviated from a straight line soon after cracking as shown in graphs 
2.1.4,2.1.5 and 2.1.6. 
2.1.7 Conclusions 
1. The behaviour of all the beams followed the elastic theory 
predictions very closely until cracking. The elastic deflection can 
be computed by elastic theory using a modulus of elasticity recorded 
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from control tests to within an accuracy of approximately 10 per 
cent. For the prediction of the onset of cracking the elastic 
theory gave excellent predictions of cracking load. 
2. Observed and calculated cracking and ultimate loads for the 
three types of beams are listed in Table 2.1.6. The table shows 
that the measured ultimate strengths were in close agreement with 
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Experimental work - short-term (elastic) 
behaviour and ultimate strength of reinforced, 
prestressed and composite prestressed concrete 
two-span continuous beams 
2.2 CONTINUOUS BEAMS 
2.2.1 Synopsis 
Experimental studies on elastic behaviour and ultimate strength 
of reinforced, prestressed and composite prestressed concrete 
two span continuous beams of the same size and virtually the 
same ultimate capacity are reported. Test results of three 
beams are presented after long term tests. Ultimate strength of 
three shrinkage control beams are also reported for comparison. 
The three types of concrete beams failed in flexure either by 
f 
crushing of concrete after excessive elongation of reinforcement 
or by crushing of concrete while steel was in the elastic range 
or by bond failure. Ultimate4oad'tests were carried out after 
long-term tests of up to 9 months of sustained loading for all 
beam types. The theoretical prediction for the behaviour of the 
three types of concrete beams from the numerical analysis 
reported in Chapter 6 which takes into account the effect of 
concrete tension between cracks developed in reinforced and 
composite prestressed concrete beams was in good agreement with 
the experimental results. 
In order to show the significant effect Eh. Etension-stiffening of 
concrete between cracks has on deflections, the deflection behaviour 
of reinforced concrete beam had also been predicted by the abbve- 
mentioned numerical analyses but ignoring the effect of concrete 
tension between cracks for comparison (see curve (b) in Graph 2.2.4j. 
2.2,2 Introduction 
The principle object of the investigation was to provide a direct 
and quantitätive comparison of the elastic and ultimate behaviour 
of two span continuous concrete beams with three types of straight 
tension reinforcement similar to the previous simply supported beams 
of Part 1 and td show the effect of sustained loading and creep on 
the ultimate strength. 
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Tests were conducted to determine the longitudinal strain 
distributions, vertical deflections, cracking loads and ultimate 
loads. Experimental results were in good agreement with the 
theoretical predicted values. 
six two span continuous concrete beams 127 x 204 nun in cross 
section and 3.20 metres overall length-were tested with equal 
loads at the third points of each span of length 1.52 metres 
(see figures in graphs 2.2.1,2.2.2, and 2.2.3 
2.2.3 Experimental Beams 
2.2.3.1 Dimensions and reinforcement 
The reinforcement of the three types of continuous concrete beams 
" at two cross sections of each beam are presented in Table 2.2.1. 
The reinforcement and position of the stirrups are shown in 
figures 2.2.1,2.2.2 and 2.2.3. 
The dimensions of the beams were 127 x 204 mm in cross section and 
3.20 metres overall length and they were designed according to 
the theory of ultimate design to have all approximately the same 
ultimate capacity. The prestressing wires used in prestressed 
and composite prestressed concrete beams were 5 mm diameter and 
each wire was initially tensioned to 22240 N. The properties of 
reinforcing steel used were the same as those used in simple 
beams of Part 1 (see Table 2.1.2). 
2.2.3.2 Mix 
The mix proportions A and B used in the three types of continuous 
concrete beams were essentially similar to the mix proportions 
used in simple concrete beams of Part 1 (see table 2.1.3). 
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Beam Beam Top Bottom 
Stirrups Type Sections Reinforcement Reinforcement 
I-I 1 No. 8 mm 0 3 No. 8 mm 0 1 No. 8 mm 0 
deformed bar deformed bars deformed bar 
R C 
@ 127 mm 
. . 
II-II 3 No. 8 mm 0 3 No. 8 mm 0 
deformed bars deformed bars 
I-I 2 No. 5 mm 0 2 No. 5 mm 0 1 No. 8 mm 0 
H. T. S. bars H. T. S bars deformed bar 
P C @ 127 mm . . 
II-II 2 No. 5 mm 0 2 No. 5 mm 0 
H. T. S. bars H. T. S., bars 
I-I I No. 8 mm 0 Prestressed 1 No. 8 mm 0 
deformed bar pretensioned deformed bar 
concrete @ 127 mm 
plank rein- 
forced with C. P. C. 
2 No. 5 mm 0 
H. T. S. bars 
II-II 3 No. 8 mm 0 - 
deformed bars 
TABLE 2.2.1Reinforcement in reinforced, prestressed and composite 
prestressed two span continuous beams 
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2.2.3.3 Mould 
The rigid steel mould used is shown in photo 2.1.1. 
2.2.3.4 Casting Procedure 
Casting procedure was similar to the one used in simple concrete 
beams of part 1 art. 2.1.3.4. 
2.2.3.5 Caring prior to testing 
Curing procedure was similar to the one used in simple concrete 
beams of Part 1 art. 2.1.3.5. 
2.2.4 Testing Apparatus 
Photos 2.2.1,2.2.2 and 2.2.3 show reinforced, prestressed and composite 
concrete two span continuous beams on the testing rig after failure. 
2.2.4.1 Centre. and end supports 
The centre and end supports were so made the same as the end 
supports of simple concrete beams of Part 1. The two end 
supports spaced at 3.04 metres apart. (See Photo 2.2.1) 
2.2.4.2 Loading Apparatus 
The loading apparatus is the same as the one used in. loading the 
simple beams in Part 1 (see art. 2.1.4.2). 
2.2.4.3 Strain gauges for deflections 
Five dial gauges, each reading to 0.01 mm per dial division, were 
used for each beam. One was placed at the middle of each end 
support, one was placed at the top side of the centre support, and 
one was placed at the third'pöint from the'end support of each span 
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for measuring deflections. Graphs 2.2.1,2.2.2 and 2.2.3 show the 
load deflection behaviour at Sec. I-I for the three types of 
beams. 
. 2.2.4.4 Strain measurements 
Strain measurements, using 8" (203 mm) Demec gauge were made 




$ýý ( 203 mm) 
a s 
a 




a = 25.4 mm . 
2.2.5 Testing Procedure 
The load is applied in increments of *2000 lbs (8896 N) using 
the same procedure used in testing simple beams in Part 1 
art. 2.1.5. 
2.2.6 Results and Discussions 
2.2.6.1 Cracking and ultimate loads 
Table 2.2.2 compares the measured and computed values of the cracking 
and ultimate loads of the three types of two span continuous concrete" 
beams tested to failure after 9 months of sustained loading. Ultimate- 
strength at 9 months of shrinkage control beams is also reported. 
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Shrinkage - Beams tested after 9 months of Control beam sustained loading 
Ultimate Load Cracking Load Ultimate Load 
Beam AN kN kN 
Type 
Measured Measured Computed Measured Computed 
, R. C. 122 20 18.2 128 
. 105.35 
B. C. 86 38 39.7 80 110.92 
9C. 
P. C. 110 - 18.2 105 105.35 
Table2.2.2 Cracking and ultimate loads measured versus computed 
values - continuous beams 
2.2.6.2" Strain gauge readings: at:. span_Section I-I 
Curves for strain gauge readings at Sec. I-I gauge lengths corres- 
ponding to the tested beams are plotted in graphs 2.2.. 1,2.2.2' and 2.2.3. 
Upon further increase in bending moment, the strain increases and 
the neutral axis moves further towards the compression side as 
failure is approached. 
2.2.6.3 Deflections at Span Section I-I 
Deflection curves at Sec. I-I corresponding to the beams tested to 
failure are plotted in figures. 2.2.4,2.2.5 and-2.2.6. It is obvious 
that the curves deviated from a straight line soon after cracking. 
Deflections were measured up to nearly the ultimate load as the 
dials were removed soon after cracking so that they wöuld not be 
damaged at failure. 
Theoretical deflection curves (a) and (b) in 'Graph 2.2.4 show the 
significant effect of tension stiffening of concrete between cracks 
had on deflection of reinforced concrete beam. 
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2.2.7ConcluSions 
1. The behaviour of all the beams followed the elastic theory 
predictions very closely until cracking. 
2. Observed and calculated ultimate loads listed in Table 2.2.2 
for the three types of continuous concrete beams show that 
measured and calculated ultimate loads for reinforced and 
composite prestressed beams were in close agreement with values 
calculated by using Whitney's method(30) except the prestressed 
beam which had bond failure. 
3. The assumptions of the analytical numerical approach reported 
in Chapter 6 permitted prediction of measured deflections with 
satisfactory accuracy for the three types of continuous concrete 
beams. 
4. Calculated deflection behaviour of reinforced concrete cony 
tinuous beam is over-estimated by ignoring the effect of 
concrete tension between cracks in the above mentioned numerical 
approach (see curves (a) and (b) in Graph 2.2.4). 
5. Sustained loading and creep during the main experiments had not 
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CHAPTER 3 
Experimental work - Long-Term Behaviour of reinforced, 
prestressed and composite prestressed concrete two span 
continuous beams at laboratory temperature 
102 
3.1 SYNOPSIS 
Experimental studies on Long-term Behaviour'at laboratory 
temperature of the three types of two span continuous concrete 
beams reported in Chapter 2 Part 2 are reported in this Chapter. 
Long term tests on rectangular two span reinforced and pre- 
stressed concrete continuous beams were carried out at an age of 
35 days after casting and after 35 days of casting reinforced 
concrete portion of the composite concrete beam and up to 9 months 
of sustained loading for all types of beams. The analytical 
numerical approach reported in Chapter 6 was used to predict the 
elastic and long-term behaviour of the three types of concrete 
beams, see Photo 3.6. 
3.2 INTRODUCTION 
The principal object of the investigation was to compare the 
long-term behaviour of the three types of two span continuous 
concrete beams at laboratory temperature while carrying a constant 
sustained working load of 7472 N at the third points of each span 
of length 1.52 metres. 
Tests were conducted to measure the long-term longitudinal strain 
distributions, vertical deflections, and variation of reactions. 
The experimental results were in good agreement with the theoreti- 
cal predicted values from the numerical analysis. 
3.3 TESTING APPARATUS 
The beams were tested in two equal spans of 1.52 m. The centre 
support reaction was treated as the redundancy. It was measured 
jr IlfPeric4( C9uiVateil t4 E-on. 
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by a high tensile steel proving ring (see Photos 3.3 and 3.4). 
Fig. 3.1 shows reinforced concrete continuous beam on the testing 
rig. The beam was loaded against two 5" x 2j" (127 x 63 mm) 
steel channels by means of heavy springs and tension rods. 
3.3.1 End Supports 
The end supports were so made that the beam rested on two steel 
plates which in turn rested on two steel rods 19 mm diameter 
spaced at 3.04 m apart, (see Fig. 3.1). When the beam was 
seated on the supports, some wet plaster was placed between the 
concrete and steel plate to offset any irregularities in the 
concrete surface and any displacement between the two surfaces. 
Two dial gauges, each reading to 0.01 mm per dial division were 
placed directly at the supports on top surface of the beam. 
3.3.2 Centre Support 
The centre of the beam was supported on a high tensile steel 
proving ring which in turn was supported on a 19 mm B. S. F. high 
tensile bolt. The bolt passed through a 12 mm steel plate resting 
on the main channels. Thus the centre support reaction was 
transferred to the main channels. The bolt could be turned by 
a spanner and enabled the beam to be moved up or down at the 
centre to maintain level supports (see Photo 3.5). 
A 50 kN proving ring was used to support the centre of each beam. 
Each dial division on the gauge attached to the proving ring 
corresponds to approximately 44 N. One dial gauge, each reading 
to 0.01 mm per dial division, was placed directly at the middle 
of the beam. Level supports could be maintained by observing the 
relative movements of the three dial gauges on the beam in order 
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to move the beam up or down at centre support by the proving 
ring. Photo 3.1 shows the proving ring. 
3.3.3 Loading Apparatus 
Because of the large load, 7472 N, required at each loading point, 
a proportionately smaller load was given to the springs compared 
to the stronger tension rods. The springs were given 0.3 metre 
lgver arm and the tension rods 0.15 m, so that the total load 
was three times the spring load. The loading channels were 
127 x 63 mm and 0.5 m long. See Fig. 3.1. 
3.3.4 Datum Bar for Deflections 
Three dial gauges, each reading to 0.01 mm per dial division, 
were used for each beam. They measured the vertical movements 
at the ends of the beams and the centre support displacements 
during the loading operation and during the whole period of 
sustained loading. 
To obtain the deflection profile of the beam at all stages of 
test a Datum Bar 25 x 25. - mm x3m long with ends resting on 
19 mm rods placed below the beam supports shown in Fig. I 
was used. A dial gauge for measuring deflections shown in 
Photo 3.2 was attached to the Datum Bar at points spaced 127 mm 
starting from the end support where deflection is required. 
3.3.5 Strain Measurement 
Strain measurements using the 8" (203 mm) Demec Gauge were made 








9 a=25.4 mm 
3.4 TESTING PROCEDURE 
Two weeks after casting, each beam was moved to the testing 
apparatus and placed on the end supports. The centre support 
was applied and adjusted so that the proving ring was loaded to 
the elastic value of centre support reaction under dead load for 
level supports. The three supports were fixed at this same 
relative level throughout the testing period from dial gauges. 
Working loads of 7472 N, were applied at the shirr PPSof each 
span, 35 days after casting reinforced and prestressed concrete 
beams and at 35 days after casting reinforced concrete portion 
for the composite prestressed beam. This load was maintained 
for 9 months while the strains and displacement behaviour of the 
beams were observed. After removing the loads the beams were 
finally tested to failure in short term tests. These are reported 
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Experimental Work - Results, discussions and conclusions 
of the experiments reported in Chapter 3 
112 
4.1 SYNOPSIS 
Experimental and theoretical results on long-term behaviour of 
experimental beams reported in Chapter 3 are presented. The 
assumptions of the analytical numerical approach reported in 
Chapter 6 permitted prediction of measured reactions and 
deflections with satisfactory accuracy. 
4.2 INTRODUCTION 
I 
Results of long-term test programme carried out at laboratory 
temperature on the three types of two span continuous concrete 
beams resting on three level supports reported in Chapter 3 
showed the beneficial effect of prestressed concrete plank of 
composite beam in reducing the elastic and long-term deflections 
in comparison with the reinforced concrete beam. The results 
also show the difference in behaviour between the three types of 
concrete beams during the 270 days of sustained loading while 
all the beams have virtually the same ultimate capacity. 
4.3 RESULTS 
4.3.1 Reinforced, Prestressed and Composite Prestressed Beams 
(a) Dimensions 
The cross sections of the continuous beams were 127 x 204 mm and 
the second moment of inertia of uncracked section was 89.85 x 
10 6 m4. 
(b) Loads 
(i) Dead Load 
The elastic centre support reaction due to dead load with 
level supports was calculated to be 1.22 M. 
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(ii) Transverse Load 
The applied transverse load was 7.472 kN at the third 
points of each span, with level supports. The elastic reaction 
at centre support was calculated to be 19.927 M. The bending 
moment diagram is shown below. 
7472 N 7472 N 





Strains were measured over 8" (203 mm) gauge length. 
(iii) Prestressing Force 
In the case of prestressed and composite prestressed beams 
each 5 mm diameter, prestressing wire was initially tensioned to 
22.24 kN. The result is that the prestressed beam was initially 
subjected to a constant stress of 3.447. J4N/m2 and each plank of 
the composite beam was initially subjected to a constant stress 
2 
of 6,895, MN/m. 
(c) Temperatures 
All the beams were tested at laboratory temperature and any 
thermal strains in the beams caused by small temperature variation 
in the laboratory have been deducted from the measured strains 




1261.19 Nm 2523.8 Nm 
assuming a value of 12.0 x 10-6 /oC for the coefficient of 
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expansion of steel and concrete and a datum temperature of 
results 150 C. 
4.3.2 Reinforced Concrete Beam 
(a) Centre Reaction 
Graph 4.1 shows the variation of centre support reaction with 
time for 270 days of sustained transverse load and dead load. 
The elastic support reaction is also shown. The theoretical 
variation of centre reaction predicted from the numerical 
analysis of Chapter 6 is also plotted. 
(b) Deflection 
Graph 4.2 shows the time deflection behaviour at Section I-I 
for the period of sustained load. Graph 4.3 shows the deflection 
profile of half of the beam after various days of sustained 
loading. The theoretical elastic deflection values' 
predicted from the numerical analysis of Chapter 6 are also 
plotted for comparison. 
(c) Strains 
Graph 4.4 and 4.5 show the measured strain curves after loading 
for the top and bottom gauge lengths at sections I-I and II-II. 
Graphs 4.6 and 4.7 show the measured strain distribution at 
sections I-I and II-II gauge lengths after various days of 
sustained loading. 
4.3.3 Prestressed Concrete Beam 
(a) Centre Reaction 
The variation of centre support reaction for the entire period 
of sustained loading is shown in Graph 4.8. Also plotted the 
theoretical and long-term centre reaction variations predicted 
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from the numerical analysis of Chapter 6 for comparison. 
(b) Deflection 
Graph 4.9 shows the time deflection behaviour at Section I-I 
plotted as a function of time together with the theoretical 
long-term deflection. The deflection profile for half the beam 
at various times after loading is shown in Graph 4.10. The 
theoretical elastic deflection profile predicted from the 
numerical analysis is also plotted. 
(c) Strains 
The variation of measured top and bottom strain curves after 
loading at Sec. I-I and Sec. II-II are plotted in Graphs 4.11 
and 4.12. Graphs 4.13 and 4.14 show the measured strain 
distribution at Sec. I-I and Sec. II-II gauge lengths after 
various days of sustained loading. 
4.3.4 Composite Prestressed Concrete Beam 
(a) Centre Reaction 
Graph 4.15 shows variation of centre support reaction with time. 
The theoretical variation of centre reaction predicted from the 
numerical analysis of Chapter 6 is also plotted. 
(b) Deflection 
The measured time deflection behaviour at Sec. I-I together with 
the theoretical deflection profile are plotted in Graph 4.16. 
Graph 4.17 shows the deflection profile for half the beam at 
various times after loading. The theoretical elastic deflection 




Graphs 4.18 and 4.19 show the variation of measured strain 
curves at the top and bottom gauge lengths at Sec. I-I and 
Sec. II-II for the whole period of sustained loading. Measured 
strain distributions at Sec. I-I and Sec. II-II gauge lengths 
after various days of sustained loading are plotted in graphs 
4.20 and 4.21. 
4.4 DISCUSSIONS 
Central Support Reaction 
Graphs 4.1,4.8 and 4.15 show relatively little change with time 
of measured centre support reaction due to sustained transverse 
loading for the three types of concrete beams. The measured 
centre support reaction for the whole period of sustained loading 
w. r. t. the reinforced and prestressed beams is approximately 
the same and about 5% less in value for the composite beam after 
270 days of sustained loading. 
Deflections at span section I-I 
Graphs 4.2,4.9 and 4.16 show the measured and calculated elastic 
and creep deflection behaviour at Sec. I-I for the whole period 
of sustained loading w. r. t. the three beam types. The graphs 
show that the measured creep deflection at Sec. I-I after 270 
days of sustained loading w. r. t. the reinforced, prestressed and 
composite beams is 1.8,0.75 and 1.6 times the elastic deflection 
respectively. The graphs also show that there is a little 
difference between the experimental and theoretical deflection 
curves for prestressed and composite beams for the whole period 
of sustained loading. It is also obvious from Graph 4.2 that 
the measured deflection of reinforced concrete beam is greater 
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than the theoretical predicted values by 4% and 40% after 30 
and 270 days of sustained loading respectively. 
Deflection Profiles 
Graphs 4.3,4.10 and 4.17 show the variation of the deflection 
profiles of the three types of beams at various times after 
loading. The variation between the experimental and theoretical 
elastic deflection profiles is not significant w. r. t. the three 
beam types. 
Strain at selected sections 
Graphs 4.4,4.11 and 4.18 show the complete strain variation with 
time at Sec. I-I due to elastic, creep and shrinking w. r. t. the 
three types of concrete beams. The Graphs show that the strain 
at gauge length I is increasing at a decreasing rate for the three 
types of beams due, to creep and shrinkage, but the strain at gauge 
length 7 is decreasing at a decreasing rate w. r. t. the prestressed 
and composite beam due to creep and shrinkage but there was little 
change with time in the tensile strain at gauge length 7 which 
is close to steel level in the reinforced concrete beam. 
Graphs 4.5,4.12 and 4.19 show the measured complete strain 
variation with time at Sec. II-II due to elastic, creep and 
shrinkage w. r. t. the three beam types. It is obvious 
from the graphs that the strain near to the compression side 
of the beams at gauge length 7 is increasing at-a decreasing 
rate due to creep and shrinkage w. r. t. the three types of beams. 
The graphs also show that the strain near the tensile side of 
the beams at gauge length I is decreasing at a decreasing rate 
w. r. t. the prestressed beam due to creep and shrinkage but the 
variation of the tensile strain at the same level showed 
relatively little change with time w. r. t. the reinforced and 
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composite concrete beams as that level is close to the tensile 
steel level. 
Strain distribution at selected sections 
Graphs 4.6,4.13 and 4.20 show a_ slight deviation from a 
straight line strain distribution at Sec. I-I w. r. t. the 
three types of concrete beams. The same behaviour is also 
noticed in Graphs 4.7,4.14 and 4.21 which represents the measured 
strain distributions at Sec. II-II for the three types of 
concrete beams. 
4. -5 CONCLUSIONS 
(a) There is a good agreement between the measured and 
calculated long-term variation of centre support reaction from 
the numerical analysis of Chapter 6 for the three types of 
concrete beams. 
(b) Ratio of measured creep deflection for reinforced, prestressed 
and composite concrete beams after 270 days of sustained loading 
was 1.8,0.75 and 1.6 respectively. 
(c) There was a little difference'between the measured and 
calculated creep deflection from the numerical analysis w. r. t. 
prestressed and composite concrete beams, but there was about 
40% difference between measured and computed creep deflection 
after 270 days of sustained loading for reinforced concrete 
beam. 
(d) The measured elastic deflection profile was in good agree- 
ment with the computed elastic deflection profile for the three 
types of concrete beams. 
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(e) Measured variation of compressive creep and shrinkage 
strains in the positive moment region were approximately the 
same for prestressed and composite concrete beams despite the 
difference in compressive reinforcement in the positive moment 
region, but the measured compressive creep strain for reinforced 
concrete beam was relatively large in this region. 
(f) Measured long-term variations of tensile and compressive 
creep and shrinkage strains in the negative moment region showed 
nearly the same behaviour for reinforced and composite beams. 
(g) Measured tensile creep and shrinkage strains at positions 
of negative moment showed relatively little change with time 
in the case of reinforced and composite concrete beams. 
(h) Measured long term variation of tensile and compressive 
creep and shrinkage strains in the positive moment region showed 
nearly the same behaviour for prestressed and composite beams 
despite the difference in material and the initial stresses 
between the two beams due to prestressing force. 
(i) Comparison between measured and computed time deflection 
behaviour at section I-I for the whole period of sustained loading 
w. r. t. the three types of concrete beams are shown in graphs 4.2, 
4.9 and 4.16. Comparison between measured and computed time deflec- 
tion profile for half of the beam w. r. t. reinforced, prestressed 
and composite concrete beams can be made from graphs 4.3,4.10 
and 4.17 respectively for measured values and from Chapter 6 
Graphs 6.3,6.7 and 6.11 respectively for computed values. 
------------L. 
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Graph 4.3 Deflection profile of reinforced concrete 
continuous beam after loading 
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Graph 4.17 Deflection profile of composite prestressed 
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Experimental work - creep and shrinkage tests on control 
specimens of concrete cylinders, plain concrete and pre- 
stressed concrete planks - mixes A and B. 
5.1 SYNOPSIS 
Experimental studies on long-term behaviour at laboratory tempera- 
ture of plain concrete cylinders and planks(the same dimensions 
as used in the experimental beams), Mix A, plain and-prestressed 
concrete planks, Mix B, are reported. 
Test results of two plain concrete planks and six cylinders Mix A 
prqportions are reported. # . one plain and one prestressed concrete 
plank Mix B proportions are presented. 
In order to follow the stressing-procedure of the tested concrete 
beams, long-term tests on concrete cylinders were carried out at 
an age of 35 days and at 7 days on prestressed concrete plank. 
5.2 INTRODUCTION 
The principal object of the investigation was to -obtain creep and 
shrinkage strains for concrete subjected to known constant stress 
and using this creep data in the theoretical prediction of long- 
term behaviour of the three types of concrete beams. Six cylinders 
113 sm in diameter and 304 mm long were tested for creep and 
shrinkage of concrete Mix A. Three of the above cylinders were 
subjected to constant stress of 6.89514N/m 
2 
after 35 days from 
casting. Two concrete planks Mix A proportions 51 x 12ý mm in 
cross section and 1.. 67 metres long were tested for shrinkage only. 
The top surface of one of the planks was sealed at an age of 24 
hours in order to follow the casting procedure of the composite 
beam. Two concrete planks same dimensions as the previous planks 
were tested for creep and shrinkage of concrete Mix B proportions, 
one of the planks was pretensioned and subjected to constant stress 
of 6.895MN/m 
2 
after 7 days from casting and the top surface was 
142 
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sealed at an age of 14 days in order to follow the casting procedure 
of the cast in place portion of the composite beam. 
5.3 SPECIMENS AND DETAILS OF CONCRETE MIXES 
5.3.1 mix 
The Mix proportions were the same as the tested concrete beams 
of Chapter 2 (see art. 2.1.3.2). 
r 
5.3.2 Casting 
The cylinders and planks were cast on, a vibrating table. The 
concrete in the cylinder moulds was vibrated in 50 mm layers and 
was filled to 6 mm below the top of the moulds. This 6 mm gap 
was later filled with a neat cement paste which provided a flat 
surface after careful finishing with a trowel. The concrete in 
the plank's mould was vibrated in 25 mm layer and after filling 
the mould the surface was finished flat with a trowel. 
5.3.3 Strain Measurement Points 
Concrete cylinder strain was measured along 203 mm gauge lengths 
0 spaced at 120 apart by the Demec strain gauge. Knurled brass 
knobs, internally threaded were cast into the concrete. 25 mm 
Long brass studs with Demec holes drilled at their ends were then 
inserted into the insets. Concrete plank strain was measured along 
twelve 203 inm gauge lengths from each side (see fig. in Graph 5.6) 
with surface studs stick to concrete. 
5.4 TESTING APPARATUS 
Photo 5.1 shows concrete cylinder specimens under test at laboratory 
temperature. The load was applied by three 12 mm diameter medium 
144 
tensile steel rods which compressed the concrete specimen and a mild 
steel tube. The steel tube was previously calibrated so that the 
applied stress of 6,895. KN/m2 due to applied load could be obtained. 
A more detailed account of the testing apparatus has been reported 
(34) 
elsewbere 
Photo 5.2 shows concrete plank specimens under test at laboratory 
temperature. The load on the prestressed plank was applied at an 
age of 7 days by means of two prestressing wires, the stress on the 
plank due to the prestressing force was 6.895ý0/m 
2. 
5.5 TESTING PROCEDURE 
Tests were carried out at laboratory temperature. In order to follow 
the stressing procedure of the tested concrete beams'p three-cylinders 
were sýtressed to 6.895)4N/m 
2 
at 35 days after casting and the pre- 
stressed plank was stressed to U95 MN/m 
2 
at 7 days after casting. 
Loads were sustained up to an age of 300'days. Three cylinders were 
shrinkage control specimens for the loaded cylinders, one concrete 
plank was the shrinkage control specimen for the prestressed plank. 
The-top surface of the prestressed plank was sealed after 14 days 
from casting in order to follow the casting procedure of the cast 
in place portion of the composite beam. 
5.6 RESULTS 
5.6.1 Strains of Loaded Specimens 
Long term strain variation with time for concrete cylinders Mix A 
proportions under a stress of 66895j4N/m 
2 is plotted in Graph 5.1. 
Graph 5.2 shows the long--term strain variation with time for prestressed 
concrete plank Mix B proportions under a stress of 6.895 MN/m 
2 
145 
5.6.2 Strains of Control Specimens 
Graph 5.3 shows the average shrinkage strains of three concrete 
cylinders same mix as the loaded cylinders and kept unloaded at 
room temperature. 
Graph 5.4 shows the shrinkage strains of concrete plank same mix 
as the prestressed plank, the concrete plank kept in room 
temperature at the same conditions as the prestressed plank. 
I 
Graph 5.5 shows the shrinkage strains of a concrete plank the same 
mix as loaded cylinders. 
Graph 5.6 shows the shrinkage strains of a concrete plank the same 
mix as loaded cylinders, top surface of the'plank was sealed after 
24 hours after casting. 
From Graphs 5.1 apd 5.3 we get Graph 5.7 which represents the 
specific creep curve of cylinders concrete Mix. A. 
Graph 5.8 which represents the specific creep curve of prestressed 
concrete plank Mix B could be obtained from curves(a) and (b) in 
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(Beams subjected to uniform temperature) 
Theory for the prediction of elastic and 
long-term behaviour from numerical analysis 
corresponding to the experimental beams 
reported in Chapter 3 from control data 
in Chapter 5 
156 
6.1 SYNOPSIS 
Theoretical studies on short and long-term behaviour at laboratory 
temperature of the three types of two span continuous concrete 
beams reported in Chapter 3 are reported in this Chapter. 
Theory(18) reported in Appendix C for cracked prestressed concrete 
simple beam is adopted here to take into account in the continuous beams 
crqcking which occurs in some parts of reinforced and composite 
prestressed concrete beams due to applied loads in the elastic 
analysis. 
The Effective Modulus approach is used in connection with the 
above-mentioned theory to predict the long-term deformations by 
using creep data from control specimens in Chapter 5. 
6.2 INTRODUCTION 
This Chapter is concerned with the elastic and creep analysis at 
uniform temperature of three types of two span continuous concrete 
beams. 
The objective of this Chapter is to provide an analytical numerical 
approach for the prediction of the elastic and long-term behaviour 
of the three types of concrete beams taking into consideration the 
effect of concrete tension between cracks developed in reinforced 
and composite prestressed concrete beams, and to compare the 
behaviour of the three types of beam construction, elastic and long- 
term stress distributions, vertical deflections and variation of 
support reactions with time, from the basis of the numerical 
predictions. 
Comparison of the above mentioned numerical approach with some experi- 
mental data are reported in Table 6.5 in order to indicate the agreement 
of the tbeory. 
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6.3 ASSUMPTIONS 
1. Concrete does not crack in the case of prestressed beams. 
2. Concrete does crack in the case of reinforced and composite 
prestressed concrete beams. 
3. Elastic strain is proportional to stress and up to cracking 
in tension. 
4. Creep is proportional to stress. 
t 5. Instantaneous Modulus of Elasticity is reduced with time under 
load. An effective modulus approach is adopted. 
6. Plane sections of beam,: remain plane at all times. 
7. Specific creep values of concrete are known from control data 
in Chapter 5. 
8. The Effective Modulus at any instant neglects the stress 
history and predicts complete recovery of creep after removal 
of stress and is given by: 
E'=I C- e+c 
I 
e instantaneous Modulus of concrete 
C specific creep at constant temperature 
See (Chapter I art. 1.2) Effective Modulus Method for calcu- 
lating creep at varying stress. 
9. Coefficient of expansion is known and is constant. 
10. Total strain = elastic strain + creep strain. 
11. The effect of shearing stresses on deflections is negligible. 
12. Compressive stresses defined by negative sign. 
13. Shrinkage has been excluded from the analysis in order to compare 
the behaviour of the three beam types at uniform and elevated 
temperatures, due to influence of creep only. 
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6.4 NOTATIONS 
r horizontal strip of beam section of thickness 
1 
n 
b, breadth of beam 
d depth of beam 
d distance of the bottom reinforcement from the upper face 
of the section 
d2 distance of the top reinforcement from the upper face of 
the section 
n numbeiý of horizontal elements 
m number of horizontal elements in prestressed portion of 
composite beam 
ES= Modulus of Elasticity of steel 
Ec= instantaneous Modulus of Elasticity of concrete Mix A 
(units for reinforced and composite concrete beams) 
E instantaneous Modulus of Elasticity of concrete Mix B 
(prestressed units) 
E Effective Modulus 
c 




M Bending Moment 
Mcr =. Cracking Moment 
As = Area of the bottom reinforcement of the section 
As, = Area of the top reinforcement of the section 




Longitudinal strain of the extreme compression fibrc of 
the section at a crack when M >' Mcr 
= Longitudinal strain of the extreme compression fibre of 
the section just before cracking when M '< Mcr 
CA= Longitudinal strain of the extreme compression fibre of 
the section at a crack when It =M cr 
159 
Cr Longitudinal strain of the rth element. 




at a crack when M >, M cr 
curvature just before cracking when MM cr 
0A curvature at a crack when M=M cr 
AF Longitudinal force on the rth element 
,r 
F Prestressing force 
es tensile steel strain 
es compressive steel strain 
f 
scr steel stress 
at a crack when M >, 11 cr 
S3 steel stress 
just before cracking when M< f Mcr 
f 
sA steel stress at a crack when 
M=M 
cr 
fs tensile steel stress 
fs compressive steel stress 
I distance from a crack 
to = minimum distance from a crack over which sufficient 
tension can be transferred from the steel to concrete by 
bond to crack the concrete 
U. = bond stress 
EO = Total surface area of tensile steel reinforcement per unit 
length 
Um= Maximum bond stress 
u 
av = 
Average bond stress 
Tc = Tensile force in concrete 
T Tensile force in steel s 
K Parameter for distance from neutral axis to centroid of 
concrete tension 
C Compressive force in concrete 
fcc Concrete compressive stress at extreme compression fibre 
160 
K Parameter for distance from neutral axis to extreme 
compression fibre 
x distance from neutral axis to a fibre 
C specific creep (creep/unit stress at that instant) 




6.5.1 Behaviour of Reinforced Concrete Two-Span Continuous Beam 
Effective Modulus Method 




in which the instantaneous modulus E is reduced to take into c 
account creep strains. 
The parameter C is the specific creep at that instant i. e. the 
creep strain due to unit stress. 
The strain at any instant is the stress at that instant divided 
by the Effective Modulus at that instant. The method neglects 
the stress history and predicts complete recoveryof creep after 
removal of stress. 
The method is applied here to predict the elastic and long-term 
behaviour of the continuous reinforced concrete beam in bending. 
The beam is divided into small longitudinal elements and each 
element will have associated with it particular value of M as shown 
in Fig. 6.1(b) and this is assumed to change with respect to time. 
Further subdivision of the longitudinal element into n elements 
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each of equal thickness as shown in Fig. 6.1(a) is necessary in 
order that the stress distribution over the cross section may be 
determined. 
The analysis proceeds by applying a particular value of M to each 
longitudinal element thus producing strain diagram as shown by 
line AA in Fig. 6.1(c). The two unknown quantities to be deter- 
mined for each longitudinal element are therefore the longitudinal 
strain C and the curvature 0. 
With reference to the r th element in Fig. 6.1 (a) the strain is 
denoted by cr: 
c 
(2r -1) ed] 2n 
(6.1) 
The resulting longitudinal force on the element is 
AF. = 
bd Ee (6.2) 
rncr 
The total longitudinal force is the simunation of the force 
increments from equation (6.2). However, the external longitudinal 
force is equal to zero. 
Therefore: 
r=n bd (2r - 1) ed E t: l 
Od] + As' ES(co 
r=l nc[o2 n- 
2) 
AE (c - Od 1) 
(6.3) 
where E is uniform over the cross ection. c 
From equation (6.3) we obtain: 
bdEc +Es (A 
s+AS 
0 r=n (6.4) 
bd2 IK" 
-in-T Ec Z4(2r - 1) +ES (d 1AS+d2 As') 
r=l 
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A second equation of equilibrium of the longitudinal element is 
obtained by consideration of flexure. Taking moments with respect 
to the upper face of the section gives: 
dIAsEs (Od 
1-E0)-d2As'Es (C 0- 
Od 2) - 
r=n 
c 
Ur - 1) -c: Ec 
[( 
ed] 
(2r - 1) d (6.5) 
n0 2n 2n 
r=l 
r 




2: ( 2t*'-- 1) tB (d, Ag'. + d Aý! ) 










The solution of equation 6.4 and (6.6) yields the following expression 
















1) +E (d A+d' 'A 






1* 'As +d2As (6.7) 
The curvature 0 may'be obtained from equation 6.4 by substitution 
'for %from equation (6.7). The stress distribution overthe cross 
section is then found from equation (6.1) on multiplication by EC 
Initial calculations of co and e will refer to elastic effects only 
without taking into consideration the effects of cracks occurring 
, (18) in some parts of the beam. So the theory will be adopted here 
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to take into account in the analysis cracking which occurs in the 
beam. The theory takes into consideration the variation of 
curvature between cracks caused by concrete tension and makes 
possible the prediction of both the curvature at a crack and the 
average curvature along the length of the beam between two cracks. 
Moment curvature relationships for reinforced concrete members 
are usually derived for the sections at which cracks form, the 
behaviour of the member between the cracks being ignored. However, 
the bond between the steel and concrete will mean that tension is 
transferred from the steel to the concrete between the cracks. 
This build-up of concrete tension depends upon the distribution 
of bond stress and will only lead to new cracks between existing 
cracks when the tensile strength of concrete is exceeded. Because 
of the tension carried by the concrete the curvature between the 
cracks will be less than at a crack. 
Development of the Theory 
1. Calculation of c cr and 
0 
cr after 
the formation of cracks 
(a) Conditions at a crack when M >, M cr 
At each step of the previous analysis for calculation of-c 0 and 
the concrete stress in tension in the tensile region oý the section 
is compared with maximum allowable concrete stresses in tension 
fct and if in ewcess of this quantity the calculation follows an 
iterative procedure excluding the elements carrying high tensile 
stresses which are thus assumed to crack. This cycling procedure 
continues until the equilibrium of the section; is secured with 
stresses in the tensile zone everywhere below the critical value 
fct which causes cracking. Thus we obtain c cr and 
6 
cr after cracking 
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(d 1E0 )F s 
(b) Condition at a crack when M=M cr 
Same procedure as in (a) may be followed here in order to calculate 
c, 0 and f At A sA* 
(c) Condition at a crack when M <, M 
, cr 
Same procedure as in (a) may be followed here in order to calculate 
CIBV ea and f ss* 
(d) Condition at distance I from a crack (k <, k 0) 
The assumption is made that at section some distance from a crack, 
the steel strain is still linearly related to the concrete compressive 
strain. At a distance L from a crack, the steel stress will be 
reduced by bond and the concrete tension will build up. At this 
stage of the analysis no assumption is made regarding the shape and 
distribution of tensile stresses and strains in the concrete across 
the section. The conditions at a distance from a crack are shown in 
Fig. 6.2. The reduction of steel tension force over length Z from 
the crack is given by f uEOdt where u is the bond stress and may 0 
vary with t. Therefore, the tensile stress in the steel at distance 
L from the crack is: 
t 




and the steel strain is: 
I 
uEOdt 




The actual stress-strain curves for the steel and concrete can be 
obtained from test results. It is generally agreed that the bond 
stress-is a maximum very close to the crack and decreases in 
(50) 
some fashion further away from the crack, see Evans and Robinson 
and Leonhard(51) for examples. For this analysis it will be assumed 
that, at first cracking,; ýthe bond stress decreases linearly from a 
maximum um at a crack to a zero at a distance k, p equal to the bond 
length, away from the crack. It will be further assumed that the 
gradient of the bond stress is independent of the distance between 
6racks but is purely a function of the distance from the nearest 
crack. Thus for the average condition of two cracks spaced a 
distance 1.5 kB apart, the bond stress distribution will be as shown 
in Fig. 6.3. The bond stress distribution at k<0,75 k fý from 
a crack is then given by: 
um (6.10) 
at a distance j*0.75 Za from a crack the tensile steel stress is 
given by equation (6.8) a nd (6.10): 
t zo f=fu (I - Ts- dt s scr m 
0 
u ZO m E2 
scr 2Z ýs 
.a 
(6.11) 
Average bond stress at a distance L< 0-75 10 from a crack is given 
by: 
As (f 
sA -f so) 
av ia EO 







m av t0 zo 
(6.13) 
Substituting uM from equation (6.13) into (6.11) gives the steel 




sA -f Sý 
XkZ_9,2 
a 2t a2 
in equation (6.14) f scr 
is the tensile steel stress at the crack for 
the particular moment acting and f sA and 
fsS are the steel stresses 
when M=M cr and 
M <, M 
cr* 
The value of fS given by equation (6.14) is the value which will be 
used to find the average c0 and e at a distance k<0.75 k0 from a 
crack and consequently the full stress and strain conditions at a 
distance Z<0.75 X from a crack. Note that fs from equation (6.14) 
is independent of the maximum bond stress u-- and thus the magnitude m 
of the maximum bond stress does not affect the moment curvature 
relationship. This is to be expected because given a certain bond 
stress distribution (for example triangular, as used here) the 
magnitude of um will only alter the crack spacing. 
The distribution of concrete tension at a section between two cracks 
is required in order that parameter KI which gives the distance from 
the centroid of the concrete tensile stresses to the neutral axis 
may be determined. As very little information is available as to 
the magnitude of K1 the analysis is eventually insensitive to this 
variable and a value of I was chosen. 













and if moments are taken about the. neutral axis, 
M 
KdI 
EbTK (d -c 
0dIAfesdI 
o2ccI co + es ss -C 0+es 
+AsIfs' (Kd I-d 2) 
from the strain diagram: 
es# (Kd 1-d2 
E Kd 1 
e co(Kdl -d jKdj ý 
Ke 
s 
(Kd I-d 2) 
- 
(Kd I-d 2) (6.20) 







es'. E c 
(N - 1) 
or 
(6.23) 
es (Kd I-d 2) fs (N -I )E C* (I - K)d 1 
(6.24) 
The solution of the simultaneous equations (6.18) and (6.19) gives 
the unknowns E0 and TC and consequently we can obtain K and the 
curvature 0 at this section at a particular moment M as: 
+e 0s (6.25) 
with values of 'C 0 and 
e for each longitudinal element known their 
integrated effects along the beam permit slopes and deflections to be 
evaluated as discussed in Appendix (B). Initial calculations will 
not include the effects of creep and hence the values of c0 and 0 
refer to elastic effects only. The effects of creep may be included 
in the analysis by calculating the reduced modulus Ec' at any 
particular time after loading by using the specific creep data of 
Concrete Mix A reported in Table 6.1 which could be obtained from 
the specific creep curve of Concrete Mix A reported in Chapter 5 
Graph 5.7. Using EcI instead of Ec in the above analysis we may 
obtain c0,0, stresses and reactions at any particular time after 
loading. In this analysis compatability of the whole beam is 
maintained throughout as discussed in Appendix'(B). 
6.5.2 Behaviour of Prestressed Concrete two span continuous beam 
The effective modulus method is applied here to predict the elastic 
and long-term behaviour of the continuous prestressed beam in 
bending. 
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Days after Loading 1 2 4 7 11 
Cx 1079 57 69 89 119 139 
Days after Loading 15 19 25 32 43 
Cx 10- 9 159 179 199 229 249 
Days after Loading 53 63 71 81 90 
Cx 1079 269 279 294 309 319 
Days after Loading gg log 119 130 140 
Cx 10-9 329 334 339 344 349 
Days after Loading 152 165 179 186 198 
Cx 1079 354 359 361 3ý2 363 
Days after Loading 208 218 230 250 270 
C X-10 -9 364 365 367 1 
368 369 
Table 6.1 Specific creep data of Concrete Mix A 
(See Chapter 5 Graph 5.7) 
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The analysis proceeds by applying two forces each equal to 
F and a particular value of M to each longitudinal element as shown 
in Fig. 6.4(b) . Thus producing a strain diagram as shown by line 
AA in fig. 6.4(c). The two unknown quantities to be determined 
for each longitudinal element are therefore the longitudinal 
strain co and the curvature 8. 
With reference to the rth element in fig. 6.4(a) the strain is 




(2r -I)6d (6.26) 
r 2n 
I 





in which E is Young's Modulus for concrete. 
The total longitudinal force is the summation of the force incre- 
ments from equation (6.27), thus 
r=n 
2F bd E[co - 
(2r - 1) Od (6.28) 
n 2n 
I 
where E is uniform over the cross section. 
From equation (6.28) we'obtain: 
ME c- 2F 0 
b2 r=n dE Ur 
2n 
(6.29) 
A second equation of equilibrium of the longitudinal element is 
obtained by consideration of flexure, taking moments with respect 
* Pa9t 05 - 
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to the upper face of the section gives: 
r=n bd [ (2r - (2r - (d 1+d2 )F -* M=1: c. 2n -1) 
"0 d] 2n 
1) dE (6.30) 
r=I 
from equation (6.30) we obtain: 
r=n 
bd2 E co (2r - 1) - 
l(d 






(2r - 1) 
2 
4n3' 
The solution of equations (6.29) and (6.31) yields the following 
expression for the longitudinal strain co. 
r=n r=n 
Fd. N" )2 - n 
Z, (2r -I 
[(d 
I+d2 









E[ (2r - 1: 2r 2n2 Z--., n 
r=J 
The curvature 6 may be obtained from equation (6.29) by substitution 
for co from equation (6.32). The stress distribution over the cross 
section is then found from equation (6.26) on multiplication by E. 
With the values of C0 and 0 for each longitudinal element known-their 
integrated effects along the beam permit slopes and deflections to 
be evaluated. Initial calculations-will not include the effects of creep 
and hence the values of c0,0 refer to elastic effects only. 
The effects of creep may be included in the analysis by calculating 
the reduced modulus, ECI at any particular time after loading using 
the specific creep data of concrete Mix B reported in Table 6.2 (see 
Graph 5.8. ) Using Ec' instead of E in the above-mentioned equations 
we may obtain co3, e , stresses and reactions at any particular time 
after loading. In this analysis compatibility of the whole beam is 
maintained throughout as reported in Appendix B. 
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Days after Loading 
r 
2 5 7 10 12 
Cx 10-9 25 55 70 80 100 
Days after Loading 15 20 25 30 35 
cx 1079 115 135 150 160 165 
Days after Loading 40 45 50 55 60 
Cx 10-9 170 175 180 185 187 
Days after Loading 90 120 150 180 270 
Cx 10- 9 190 192 1*95 198 200 
Table 6.2 Specific creep data of Concrete Mix B 
(See Chapter 5 Graph 5.8) 
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6.5.3 Behaviour of composite prestressed concrete two span 
continuous beam 
The effectiv e modulus method is applied here to predict the elastic 
and long-term behaviour of the continuous composite beam in bending. 
The prestressed portion is divided into m elements. 
The analysis proceeds by applying the force F and a particular 
r 
value of M to each longitudinal element as shown in Fig. 6.5(b) Pagf- Iq5 
thus producing a strain diagram as shown by line AA Fig. 6.5(d). 
The two unknown quantities to be determined for each longitudinal 
element are, therefore, the longitudinal strain c0 and the curvature 
0. With reference to the rth element in Fig. 6.5(a), the strain 
is denoted by c r 
Er c- 
Or - .1) ed (6. "33) 
to 2n 
I 
The resulting longitudinal force on the element is: 
AFý bd E (6.34) 
nc Cr 
in which Ec is Young's Modulus for cast-in-place portion of concrete. 
The total longitudinal force is the summation of the force increments 
from equation (6.34) 
Thus: 
r=n-m 
Z hd ISC 




(2r - 1) 6d (6.35) 
+zn 
IC 
0 2n - 
r=n-(m-1) 
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from equation (6.35) we obtain: 
c 




dA . 'E' + 
bdzF E 2ss 2n2 
Lc 
r=n-m 






It is obvious that omission of the longitudinal force F from the 
lefthand side of equation (6.35) will lead to a constant elastic and 
long-term solution at all times because of using the effective 
modulus approach. 
A second equation of equilibrium of the longitudinal element is 
obtained by consideration of flexure moments with respect to the 
upper face of the section. 
r=n-m 
(2r - (2r bd Ec 
[co 
ed 
] 1) d+dA, 'E, (co -'d 





(2r 1) Od] 
(2r - 1) d (6.37) 
n0 2n 2n 
r=n-(m-1) 
from equation (6.37) we obtain: 
r=n-m 
bd2 
co d2A 'E + ('E c 
(2r 1) +E 




r= n- (rrr- 









The solution of equation (6.36)--and (6.3ý8) yields the following expression 




hd2 E= -M dA 'E 02ss 2n2 




r=l r=n- (ur- 1) 
r=n-m r=n 2 
d2As'Es +--d2 E 
2n2 
(c 
(2r - 1) +E Or - 1))] 
r=l r=n-(m-1) 
WE +A IE + El bdE dA IE + cssn2ss 
r=n-m r=n 







r=l r=n- (ur- 1) 
The curvature 0 may be obtained from equation (6.36) by substitution 
for c0 from equation (6.39). T3 take into consideration the effects 
of cracks in some parts in the beam, the same procedure used in rein--ý 
forced concrete continuous beam to deal with this problem could be 
followed here to evaluate c and 0 at a distance t from a crack 0 
for each longitudinal element. Integration of C and 0 
along the beam permit slopes and deflections to be evaluated. 
Tnitial calculations will not include the effects of creep and hence 
and 0 refer to elastic effects only. The effects of creep may 
be included in the analysis by calculating the reduced modulus EC, 
at any particular time with regard to prestressed and cast-in-place 
portion using the specific creep data of concrete Mixes A and B 
reported in Table 6.3 which could be obtained from the specific 
creep curves of concrete mixes A and B reported in Chapter 5 
Graphs5.7 and 5.8. 
Using the reduced Modulus of EC and E in the above analysis we may 












A Cx 1079 57 69 89 119 139 
B cx lo79 15 25 45 70 95 
Days after loading 15 19 25 32 43 
A cx lo79 159 179 199 229 249 
B Cx 10-9 115 130 148 162 175 
Days after loading 53 63 71 81 90 
A Cx 1079 269 279 294 309 319 
B Cx j079 183 185 187 189 190 
Days after loading 99 109 119 130 140 
A Cx 1079 329 334 339 344 349 
B Cx 1079 191 192 193 194 195 
Days after loading 152 165 179 186 198 
A cx lo79 354 359 361 362 363 
B Cx 1079 196 197 198 199 200 
Days after loading 208 2i8 230 250 270 
A CX 10-9 364 365 367 368 369 
B Cx 1079 200 200 200 200 200 
Table 6.3 Specific creep data of concrete Mixes A and B 
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6.6 PREDICTED VALUES FOR EXPERIMENTAL CONDITIONS 
6.6.1 Reinforced Concrete Beam (see fig. in Graph 6.1) 
(a) Centre Reaction 
Graph 6.1 shows the calculated elastic and long-term variation of 
centre reaction with time for 270 days of sustained loading. 
(bý Def lection 
Graph 6.2 shows the computed time deflection profile at See. I-I 
(see fig. in Graph 6.2) for the period of sustained load. Graph 
6.3 shows the calculated elastic and long-term variation with time 
of the deflection profile for half of the beam. 
(c) Stresses 
Graph 6.4 shows the computed elastic and long-term varýation with 
time of the stress distribution for two cross sections of the beam 
at Sec. I-I and over the centre support. 
6.6.2 Prestressed Concrete Beam (see fig. in Graph 6.5) 
(a) Centre Reaction 
Graph 6.5 shows the calculated elastic and long-term variation 
of centre reaction with time for 270 days of sustained loading. 
(b) Deflection 
Graph 6.6 shows the computed time deflection profile at Sec. I-I 
(see fig. in Graph 6.6) for the period of sustained loading. 
Graph 6.7 shows the calculated elastic and long-term variation 
with time of the deflection profile for half of the beam. 
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(c) Stresses 
Graph 6.8 shows the computed elastic and long-term variation with 
time of the stress distribution for two cross sections of the 
beam. 
6.6.3 Composite Concrete Beam (see fig. in Graph 6.9) 
(a) Centre Reaction 
Graph 6.9 shows the calculated'elastic and long-term variation 
of centre support reaction with time for 270 days of sustained 
loading. 
(b) Deflection 
Craph 6.10 shows the computed time deflection profile at Sec. I-I 
(see fig. in Graph 6.10) for the whole period of sustained loading. 
Graph 6.11 shows the calculated elastic and long-term variation 
with time of the deflection profile for half of the beam. 
(c) Stresses 
Graph 6.12 shows the computed elastic and long-term variation 
with time of the stress distribution for two cross sections of 
the beam. 
6.7 DISCUSSIONS 
Central Support Reaction 
Graphs 6.1,6.5 and 6.9 show that there is no significant variation 
in centre support reaction in the long-term behaviour of the three 
types of continuous concrete beams. 
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Deflections at span section I-I 
Graphs 6.2,6.6 and 6.10 show the calculated values of elastic 
and long-term deflection behaviour at Sec. I-I for the three types 
of concrete beams. It is obvious from the graphs that the 
rate of increase in deflection is increasing at a decreasing 
rate for the three types of concrete beams. Table 6.4 shows the 
calculated deflections at various times for the three types of 
concrete beams. 
Beam 




Loading R. C. 
P. C. C. P. C. 
0 16.2 11 13.2 
15 23.2 17.5 21.2 
30 25.5 20 24 
60 28 22 26.5 
90 30 22.5 27.5 
150 31 23 29 
270 32.5 23.5 30 
Table 6.4 Calculated deflections at Sec. I-I at various times 
Comparison for the three beam types subjected to 
same applied loading 
Deflection Profiles 
Graphs 6.3,6.7 and 6.11 show the calculated variation of deflection 
profile of the three types of beams after loading. The deflections 
do increase with time because of creep but the rate of increase in 
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deflections decreases with time as the rate of creep decreases. 
This can be explained by the fact that creep and stress are 
proportional so that the structure functions as an elastic one 
in which Young's Modulus merely reduces with time. 
Stress distribution at selected sections 
Graphs 6.4,6.8 and 6.12 show the calculated variation of the 
stress distribution after loading for the three types of con- 
f 
tinuous concrete beams for two sections of each beam. 
We notice a similarity in behaviour of reinforced and composite 
prestressed beams over the centre support due to loading as the 
stresses decline and the travel of the neutral axis towards the 
tensile zone due to creep. This behaviour is expected as the 
tensile reinfoxcement and the properties of concrete at that 
particular section for the two beams are the same. The calculated 
variation of the stress distribution at Sec. I-I of the composite 
beam has a different pattern because of the prestressed concrete 
plank. The variation with time of stress distributions at both 
sections of the prestressed concrete beam is not significant. 
6.8 CONCLUKONS 
The theory presented in this Chapter for the analysis of reinforced, 
prestressed and composite prestressed concrete continuous beams to 
predict the elastic and long-term behaviour including the effect 
of concrete tension between cracks is developed by analytical 
numerical approach. The only empirical data included is used. to 
define the bond stress distribution between cracks. It is notice- 
able in Graphs in Chapters 2 and 4 the agreement is good between 
theoretical curves calculated from the above-mentioned theory 
and the experimental results, ' 
in the case of prestressed and composite, 
beams only. 
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Comparison between measured and coinj, ýi*, . -cl 
1.1me def] ectiun lj('ýFtviour at 
section I-I for the whole period of sustained loading w. r. t the three 
types of concrete beams are shown in graphs 
4.2,4.9 and L. 26 in 
Chapter 
Comparison between measured and computed time deflection profile for 
half of the beam w. r. t reinforced, prestressed and composite concrete 
beams can be made from graphs 4.3,4.10 and 4.17 respectively for 
measured values and from graphs 6.3,6.7 and 6.11 respectively for 
computed values. 
Table 6.5 indicates that the proposed method gave reasonably good agree- 
ment with estimated elastic deflection in reinforced concrete beams, 
but tending to underestimate the long-term deflection. The method is 
too complex for hand calculations, but the appropriate equations were 
programmed for solution by digital computer. 
Meas. Cal. A B 
Ref. Beam Elast. Elast. Loading Meas. Cal. A/B 
No. No. def. def. Period def. def. 
I MM mm I mm mm 
Suan 
(20) 
Bý 3.03 2.87 120 days 5.74 4.25, 1.35 




B6 26.42 25-10 
21 years 86-36 62.23 1.38 
Stevens 
(88) 
B 1.02 1.09 2 years 2.16 1.49 1.45 
Stevens 
(88) 
D 0.79 o. 86 2 years 2.16 1.46 1.47 
Table 6.5 Calculated deflections at various times by the proposed 
numerical approach - comparison with measured values carried out 
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Fig. 6.3 Bond stress distribution between adjacent cracks 
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Elements of Longitudinal 1nitial strains Strains with 
section element due to F and M creep 
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element strains strains strains with creep 
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Fig. 6.5 Strains in composite prestressed concrete beam by the 




(Beams subjected to temperature gradient) 
The influence of temperature gradient on the 
theoretical behaviour of continuous concrete 
beams (similar to those of Chapter 3) i. e. 
reinforced, prestressed and composite pre- 
stressed concrete beams. 
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7.1 SYNOPSIS 
Theoretical studies taking into account the influence of temperature 
gradient on the short and long-term behaviour of the three types 
of two span continuous concrete beams reported in Chapter 3 are 
presented in this Chapter. The numerical procedure used in 
Chapter 6 is extended here to calculate the elastic and long- 
term stresses and displacements of the three types of concrete 
ýeams 
subject to temperature crossfalls in terms of the stress 
strain temperature - time properties of concrete. First a 
temperature gradient is chosen for each type of beam in order 
not to create cracks due to heating and loading at the bottom 
side of any beam over the centre support and the analysis was 
carried out to predict the behaviour of the three types of beams 
under that condition. Secondly, th& analysis was carried out 
by applying the same constant temperature gradient to each beam 
in order to compare the theoretical behaviour of the three types 
of beam under the previous condition. 
Thirdly, the analysis was carried out with respect to the 
composite beam only using constant concrete properties for 
prestressed portion and variable reduced properties for cast- 
in-place portion. There was a slight increase in centre support 
reaction due to creep accompanied by significant increase in 
approximately the mid-span deflection due to reduction in cast- 
in-place concrete properties. 
Finally, the analysis was carried out with respect to reinforced 
concrete beam only by assuming increase of maximum allowable 
concrete stress in tension f ct 
to prevent the formation of any 
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cracks at any time during the whole period of sustained loading 
and heating. Two temperature gradients have been considered in 
the analysis for comparison. 
Significant increase in the computed thermo-elastic deflection 
with respect to the computed elastic deflection of a cracked 




This Chapter is concerned with the short and long-term creep 
analysis under thermal gradients while carrying a constant 
sustained working load for the three types of concrete beams, 
similar to those reported in Chapter 3. (Laboratory, temperature 
assumed 150C) 
The analysis has been carried out on the basis of certain assump- 
tions and provisions reported in Table 7.1. 
Temperature 
Gradient OC Beam Cases of Stud y Type Top Bottom 
Surface Surface 
60 30 1- Cracks are allowed 
R. C. 
40 30 2- Cracks are not allowed 
50 30 
P ot allowed C k ar . C. rac s en 40 30. 
I- Cracks are allowed 
2- Cracks are allowed with the 
C. P. C. 40 30 provision of constant precast 
concrete properties and variable 
reduced cast-in-place concrete 
I 
properties 
Table 7.1 Assumptions and provisions used in the analysis of 
the three types of concrete beams 
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The analysis shows the effect of variation of cast-in-place 
concrete properties with respect to constant prestressed concrete 
portion properties on the long-term behaviour of composite beam 
and also shows the significant effect of cracking due to increase 
in temperature gradient on the thermoelastic deflection behaviour 
of the reinforced concrete beam. The object of this Chapter is 
to provide a num6rical arialytical solution for the prediction of 
elastic and long-term stress distributions, vertical deflections r 
and variation of reactions and to show the main difference in 
behaviour between the same beams reported in Chapter 6 when -: 
subjected to uniform temperature. 
7.3 ASSUMPTIONS 
1. Concrete does not crack in the case of prestressed beam. 
2. Concrete does crack in the case of reinforced concrete beam 
when the maximum allowable tensile stress of concrete is 
exceeded. 
3. The prestressed portion and the cast-in-place portion at the 
bottom surface of the beam over the centre support when 
subjected to tensile stresses due to temperature does not 
crack in the case of composite prestressed beam. 
4. Elastic strain is proportional to stress and up to cracking 
in tension. Compressive stresses defined by negative sign. 
5. Sections that are plane before heating remain plane after 
beating. 
6. Creep in tension is the same as creep in compression and is 
proportional to stress. 
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7. Creep strain is proportional to temperature in the range 
20-80 0 C. 
8. The effective modulus at any instant neglects the stress 
history and predicts complete recovery of creep after 
removal of stress and is given by 
ce+ ct 
where e=I instantaneous modulus of concrete 
t= temperature 
c= specific thermal creep (i. e. creep/unit stress/ 
unit temperature) See Chapter 1 art. 1.2 
Effective Modulus method for calculating creep 
at varying stress. 
9. Coefficient of expansion is known and is constant and its 
taken 12 x 1076 as an average value for steel and concrete. 
10. Total strain = Elastic strain + thermal strain + creep strain. 
11. Strength of concrete Mix A in tension Z62014N/m 
2 
12. The effect of shearing stress on deflections is negligible. 
7.4 NOTATIONS 
r horizontal strip of beam section of thickness -ý n 
b breadth of beam 
d depth of beam 
d distance of the bottom reinforcement from the upper 
face of the section 
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d2 distance of the top reinforcement from the upper face 
of the section 
n number of horizontal elements 
M number of horizontal elements in prestressed portion of 
composite beam 
Es= Modulus of elasticity of steel 
f 
EC= instantaneous modulus of elasticity of concrete Mix A 
(units for reinforced and composite concrete beams) 




Effective modulus of Concrete Mix A at 
the rth element (units for reinforced and composite 
concrete beams) 




AS= Area of the bottom reinforcement of the section 
As, = Area of the top reinforcement of the section 
Co = longitudinal strain of the upper face of the section 
cr, oý 
longitudinal strain associated with stress of the rth 
element 
Cr, f - longitudinal free strain, of the rth element due to temperature 
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C, f Sý 
longitudinal free strain of the section due to 
temperature at the level of tensile reinforcement 
C'f S, ý 
longitudinal free strain of the section due to temperature 
at the level of compressive reinforcement, 
f 
ct maximum allowable 




longitudinal force on the rth element 
Prestressing force 
tensile steel stress s 
fsI= compressive steel stress 
C specific thermal creep (i. e. creep/unit siress/unit 
temperature) 
7.5 THEORY 
7.5.1 Behaviour of reinforced concrete two span continuous beam 
The analysis proceeds by applying transverse temperature distri- 
bution and a particular value of M to each longitudinal element 
as shown in Fig. 7.1(b) and (c) thus producing a free strain 
diagram as shown by line BB Fig. 7.1(d). Compatability and 
equilibrium are then achieved by introducing the straight line 
AA which represents the actual strains in the elements. Thus 
the strains represented between line AA and BB are associated 
with stresses which themselves satisfy the equilibrium conditions 
of the longitudinal element. 
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The two unknown quantities to be determined for each longitudinal 
element are therefore the longitudinal strain c0 and the curvature 
e. 
With reference to the rth element in Fig. 7.1(a), the strain 
associated with stress is denoted by: - 
E_E_ 
(2r - 1) od 
r, c; r, fr0 2n 
t 
The resulting longitudinal force on the element is 
AF bd Ec 
rn cr r, 
(7.2) 
The total longitudinal force is the summation of the force incre- 
ments from equation (7.2) thus: 
r=n 
0= Vbd E 
(2r - 1) od)] + Z-i n cr 
[Er, 
f ýo 2n 
r=l 
ý, fs', -(- 
äd As'Es +c- (F - ed AE CO 0 2 fs ss 
(7.3) 
from equati6n (7.3) we obtain: 
6= 
(7.4) 
A second equation of equilibrium of the longitudinal element is 
obtained by consideration of flexure. Taking moments with respect 
to the upper face of the section gives: 
]b d r=n bd r=n 
c0E+E (As +As')] --J: E c-E (c A +c A n 
2: 
cr sn cr r, f s fs s fs s 







(2r - 1) +Es (d As +d2A s') 
r=l 
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d1AsEs [c fs - 








(2r - 1) (2r - 1) 





















222 VE (2 r- 1) +E (d A+dA (7.6) Z-. j cr sIs2s 
r=l 
The solution of equations (7.4) and (7.6) yield the following 
expression for the longitudinal strain c0: 








-n rc r, f 
PA r=l 
r=n 























cr cr, f 







ýEcr (2r -+ Es(d, As +d2 As') 
r=l 
ZZ 
Es (d IýA s c, fs +d2 







Or - 1) +Es (d IAs+d2As 
r=l 
r=n 





2n 24 cr 








The curvature 6 may be obtained from equation 7.4 by substitution 
for c from equation (7.7). 0 
The effects of cracks in some parts of the beam could be taken 
into consideration using the same procedure used in reinforced 
concrete beam reported in Chapter 6 (art. 6.5.1) with values of 
r:. o and efor each 
longitudinal element known, their integrated 
effect along the beam permit slopes and deflections to be 
f evaluated. 
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7.5.2 Behaviour of prestressed concrete two span continuous 
beam 
The same. method of analysis used in Chapter 6 (art. 6.5.2) is 
used here to predict the behaviour of prestressed beam subjected 
to a sustained transverse temperature distribution and bending 
moment. 
The analysis proceeds by applying two forces each equal to 
F, transverse temperature distribution and a particular value of 
M to each longitudinal element as shown in Fig. 7.2(b) and (c), 
thus producing a free strain diagram as shown by line BB 
Fig. 7.2(d). Compatability and equilibrium are then achieved 
by introducing the straight line AA which represents the actual 
strains in the elements. Thus the strains represented between 
line AA and BB are associated with stresses which themselves 
satisfy the equilibrium conditions of the longitudinal element. 
The two unknown quantities to be determined for each longitudinal 
element are therefore the longitudinal strain C0 and the 
curvature e. 
'With reference to the rth element in Fig. 7.2(a), the strain . 
associated with stress is: 
Er 
,0=C 





The resulting longitudinal force on the element is: 
AF bd E 
rnr cr, a 
(7.9) 
In which E is the effective modulus for concrete in the rth element. r 
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The total longitudinal force is the summation of the force 
increments from equation (7.9) thus: 
r=n 











+ 2F - 
bd cr, fE r 
norn I 
r=l r=l (7.11) 
bd2 74 
Tn2 /1(2r - 1)E r 
r=l 
A second equation of equilibrium of the longitudinal element is 
obtained by consideration of flexure. Taking moments with 
respect to the upper face of the section gives: 
r=n 
(d +d )F M 
17'bd 
E 
Or - 1) 6 d) 
(2 r- 1) d 




0 2n 2n 
r=l 
(7.12) 








(2r - 1) 0 
ZE (2r - 1) + 
(! 
'2(dj +d 
2n 2r2 2n 








Ur - 1) 
r=l 
k (7.13) 
The solution of equations (7.11) and (7.13) yields the following 
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The curvature 0 may be obtained from euqation (7.11) by substitution 
for c0 from equation (7.14). 
The stress distribution over the cross section is then found 
from equation (7.8) on multiplication by E r' 
With values of c0 and 6 for each longitudinal element known, 
their integrated effect along the member permits slopes and 
deflections to be evaluated. 
7.5.3 Behaviour-of composite prestressed concrete two span 
continuous beam 
Assuming that the prestressed portion is divided into m elements, 
the analysis proceeds by applying the ýforce F, transverse 
temperature distribution and a particular value of M to each 
longitudinal element as shown in Fig. 7.3(b) and (c), thus 
producing a free strain diagram as shown by line BB Fig. 7-3(d). 
Compatability and equilibrium are then achieved by introducing 
the lines AA and CC which represent the actual strains in the 
elements. Thus the strains represented between lines AA, CC 
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and BB are associated with stresses which themselves satisfy 
the equilibrium conditions of the longitudinal element. 
The two unknown quantities to be determined for each longitudinal 
element are therefore the longitudinal strain C0 and the 
curvature 6. 
With reference to the rth element in Fig. 7.3(a), the strain 
pssociated with stress is: 
(2r - 1) Od (7.15) 
r, a ý, f - 
LEO 
2n 
The resulting longitudinal force on the element is 
AF bd E 
n cr r, a 
(7.16) 
The total longitudinal force is the summation of the force 
increments from equation (7.16): 
r=n-m 
0= 




f co - ed As Es ýL' n cr 
L 
r, f 0 2n s2 
r=l 
r=n 
71 bd (2r 
+Ec- 
1) Od 
nrIr, f 0 2n 
r=n-- (m-1) 
from equation (7.17) we obtain: 
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r=n-m 
hd ( 2]E 


















-E fs, As, Es 
r=n- (ur- 1) 
r=n-m r=n 
bd2 174E ;z -4 
22 cr 
Ur - 1) +Er (2r - 1) +d 2AS'Es 
n 
Z--4 
r=l r=n- (ur- 1) 
(7.18) 
A second equation of equilibrium of the longitudinal element is 
obtained by consideration of flexure. Taking moments with respect 
to the upper iace of the section gives: 
r=n--m 
-M 
dE (2r - 1) odý 
(2r - 1) d 
Ze hn- 
cr[E: r, f - 
(£0 2n 2n 
r=l 
r=n 




02 Li n r[cr, f 






0 2n 2 -n 
from equation (7.19) we obtain: 
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r=n-m r=n 
bd 2 1 
c= 47E (2r - 1) + (2r - 1) +dA 'E 0 cr 
2: 
Er 2s s] - 2n 
r=l r=n- (Dr- 1) 
r=n-m r=n 
bd2 >E (2 r- 1) +E (2r - 1) 7n-2 
_I crer, f 'LýE r r, f 




[hd3 ( XE (2r 2+ 








r=n- (ur- 1) __j 
. (7.20) 
The solution of equations (7.18) and (7.20) yields 
& following 
expression for the longitudinal strain c0 
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r=n- (m- 1) 
r=n 
ZE 
Ur - 1) 
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-, r r, f 
r=n- (nr- 1) 





E (2r - 1) + QQ ý 7n 72 id2cr r, f 
r=l 
ZZ d2As 'E 
sc fs 
r=n 





r=n- (ur- 1) 
The curvature 0 may be obtained from equation (7.18) by sub- 
stitution for co from equation (7.21). The effect of cracks 
in some parts of the beam could be taken into consideration 
by following the same procedure used in reinforced concrete 
beam reported in Chapter 6 (art. 6.5.1). With values of c0 and 
0 for each longitudinal element known, their integrated effect 
along the beams permit slopes and deflections to be evaluated. 
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7.6 NUMERICAL EXAMPLES 
7.6.1 Reinforced, prestressed and composite prestressed concrete 
continuous beams each subjected to different constant 
temperature gradient (see figs.. in Graphs 7.1,7.5 & 7.9) 
(a) Centre Reaction 
Graphs 7.1,7.5 and 7.9 show the calculated variation of centre 
support reaction with time for 270 days of sustained heating 
and loading. 
(b) Deflection 
Graphs 7.2,7.6 and 7.10 show the computed time deflection 
behaviour at Sec. I-I. Graphs 7.3,7.7 and 7.11 show the 
calculated elastic and long-term variation with time of the 
deflection profile for half of the beam due to loading and- 
heating. 
(c) Stresses 
Craphs 7.4,7.8 and 7.12 show the computed elastic and long- 
term variation with time of the stress distribution f or two 
cross sections of the beam at Sec. I-I and over the centre 
support.. 
7.6.2 Reinforced, prestressed and composite prestressed concrete 
continuous beams subjected to the same constant temperature 
gradient (see figs. in Graphs 7.13,7.17 and 7.9) 
(a) Centre Reaction 
Graphs 7.13,7.17 and 7.9 show the calculated variation of centre 
support reaction with time after heating and loading for 270 days. 
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(b) Deflection 
Graphs 7.14,7.18 and 7.10 show the computed time deflection 
behaviour at Sec. I-I. Graphs 7.15,7.19 and 7.11 show the, 
calculated elastic and long-term. variation with time of the 




Graphs 7.16,7.20 and 7.12 show the computed elastic and long-- 
term variation with time of the stress distribution for two 
cross sections of each beam. 
7.6.3 Composite prestressed concrete beam assuming constant 
concrete properties for prestressed portion and variable 
reduced properties for cast-, in-place portion, (see fig. 
in Graph 7.21. ) 
(a) DeflectioAs 
Graph 7.21 shows the calculated time deflection behaviour at 
Sec. I-I for the whole period of sustained. loading and heating. 
Grapli 7.22 shows the computed deflection profiles for half of 
the beam at 11 days after loading and heating. 
(b) Stresses 
Graph 7.23 shows the computed stress distribution at 11 days 
after loading and heating for two cross sections of the beam at 
Sec. I-I and over the centre support. 
(C) Bending Mo ent 
Graph 7.24 shows the cAputed variation with time of the bending 
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moment over the centre support for 270 days of sustained loading 
and heating. 
7.7 DISCUSSIONS 
(a) Beams subjected to different temperature gradient 
Central Support Reaction 
Graphs 7.1,7.5 and 7.9 show the calculated variation of centre 
support reaction due to heating and loading of the three types 
of continuous concrete beams. A very large variation in the 
central reaction which is due to uniform temperature gradient 
is noticed. It is interesting to see that this reaction changes 
sign just after heating and loading of the beams. Creep would 
play a main part after that to bring the centre reaction back 
gradually to its original direction upwards to maintain co-linear 
supports. The behaviour of the three types of continuous 
beams concerning the variation of centre reaction is the same 
despite the difference inthe temperature crossfall between the 
three types of beams. 
Deflections at spans Section 
Graph 7.2 shows the calculated variation of deflection behaviour 
of the reinforced concrete beam at Sec. I-I, the deflection is 
greatly increased by heating and loading. 
Graphs 7.6 and 7.10 show the calculated variation with time of 
deflection behaviour of the prestressed and composite beams at 
Sec. I-L A sudden reduction in the value of calculated 
deflection because of heating is noticed but gradually the creep 
effect would greatly increase the deflection at this section in 
the downward direction. 
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Deflection Profiles 
Graph 7.3 shows the calculated variation with time of the 
deflection profile of half of the reinforced concrete beam. 
The deflection profile is greatly increasing due to heating 
and loading, but the rate of increase is decreasing by time 
as the rate of creep is decreasing. 
Praph 7.7 shows the calculated variation with time of the 
deflection profile of the prestressed concrete beam. This 
diagram indicates the massive effect of temperature and creep 
on the elastic and long7-term behaviour of the beam. Instant 
reduction in the deflection profile just after loading and 
heating is noticed but gradual increase in deflection profile 
is noticed in the downward direction because of the creep 
effect. 
Graph 7.11 shows the calculated variation with time of deflection 
profile of half of the composite beam. The form of the changes 
occurring in the deflection profile by time is similar to that 
of the prestressed beam. 
Stress distribution at selected sections 
Graphs. 7.4 and 7.12 show the calculated variation with time of 
the stress distribution after loading and heating for the rein- 
forced and composite concrete beams. The form of the changes 
occurring in the stress distribution over the centre support by 
time for both beams is the same. The calculated variation of 
the stress distribution at Sec. I-I of the composite beam has 
a pattern 
Afferent from that of the reinforced concrete beam 
because of the prestressed concrete plank. 
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a 
Graph 7.8 shows the calculated variation with time of the stress 
distribution after loading and heating for the prestressed 
concrete beam at the section over the centre support. Initially, 
the stress distribution has the same form as the temperature 
distribution, but changes rapidly with time as concrete creeps. 
Redistribution is greater over the central support than at 
Sec. I-I because there is a greater and more rapid change of 
bending moment there. 
t 
(b) Beams subjected to the same temperature gradient 
Central Support Reaction 
Graphs 7.13,7.17 and 7.9 show the calculated variation of 
centre. support reaction due to loading and heating by applying 
the'same constant temperature gradient to the three types of 
continuous concrete beams. A sudden reduction in central 
reaction is noticed in all types of beams just after heating 
and loading, but the reduction in reaction varies considerably 
from one beam to another with ratio 1: 2: 3.5 approximately with 
respect to reinforced, composite and prestressed beam respectively, 
depending upon the magnitude and direction of the bending moment 
at that section and the prestressing force, if any. 
Deflections at span section I-I 
Graphs 7.14,7.18 and 7.10 show the calculated variation of 
deflection behaviour of reinforced, prestressed and composite 
beams at Sec. I-I. A sudden reduction in the value of calculated 
deflection because of heating is noticed in all types of beams, 
but the reduction varies considerably from one beam to another 
with a ratio 1: 5: 7 approximately with respect to reinforced, 
prestressed and composite beams. By time the creep would greatly 
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increase the deflection at this section in the downward direction 
and after 90 days of loading and heating the deflection at this 
particular section with respect to the three types of beams 
varies from 10-12%. 
Deflection Profiles 
Graphs 7.15,7.19 and 7.11 show the calculated variation of 
deflection profile with time of half of reinforced, prestressed 
and composite beams. The diagrams indicate the massive effect 
of loading and heating the beams on the elastic and long-term 
behaviour of the beams. For all types of beams we notice instant 
reduction in deflection profile just after loading and heating, 
but gradual increase in deflection profile is noticed in the 
downward direction due to creep effect, but the rate of increase 
is decreasing by time as the rate of creep is decreasing. 
Stress distribution at selected sections 
Graph 7.16,7.20 and 7.12 show the calculated variation with time 
of the stress distribution after loading and heating the three 
types'of concrete beam to the same constant temperature gradient. 
We notice rapid changes in the stress distribution of pre- 
stressed concrete beam at the section over the support as con- 
crete creeps. It is also clear that the redistribution is greater 
over the central support than at Sec. I-I because of the rapid 
change of bending moment over the centre support. The form of 
variation in the stress distribution over the centre support by 
time for both reinforced and composite beams is the same. At 
Sec. I-I the composite beam has a pattern different from that of 
reinforced concrete beam because of the prestressed plank. 
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(C) Composite Prestressed Beam subjected to variable reduced 
cast-in-place concrete properties 
Deflections at span section I-I 
Graph 7.21 shows the calculated variation of deflection behaviour 
at Section I-I of the composite beam loaded and heated using 
different cast-in-place concrete properties with respect to 
, constant concrete properties of the prestressed portion. We 
notice from the graph that creep greatly increases the deflection 
at that section in the downward direction due to heating and 
loading, but the rate of increase is decreasing by time as the 
rate of creep is decreasing. We can notice also that the 
increase in deflection at that section is decreasing as the 
properties of the cast-in-place concrete portion are increasing. 
'Deflection Profile 
Graph 7.22 shows the computed variation of deflection profile of 
composite prestressed beam at 11 days after loading and heating 
using constant concrete properties for the prestressed portion 
(Mix B) and variable concrete properties for the cast-in-place 
portion (Mix A). It is clear from the graph that the deflection 
increases by reducing concrete properties of the cast-in-place 
portion. We notice that the deflection at nearly the middle of 
the span is 1.7 times the deflection at the same point when the 
creeplof Mix A increases from 2 to 6 times the creep of Mix B. 
Stress distributions at selected sections 
Graph 7.23 shows the calculated variation of the stress distribu- 
tion after 11 days of loading and heating the composite beam 
assuming different concrete properties for cast-in-place portion 
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it is clear from the graph that the rate of variation in stresses 
at the centre support is greater than the rate of variation at 
Section I-I, this is because of the rapid variation of the bend- 
ing moment over the centre support due to creep. 
Bending Moment at Centre Support 
Graph 7.24 shows the variation with time of the bending moment 
at the centre support of the composite beam due to loading and 
heating. It also shows the effect of variation of cast-in-place 
concrete properties on the bending moment. It is obvious from 
the graph the sudden great drop in bending moment just after 
heating and loading the beam followed by a gradual great increase 
in bending moment in the early days after heating due to the 
effect of creep, but the rate of increase in bending moment is 
decreasing by time as the rate of creep is decreasing. The 
pattern of variation of bending moment with respect to the 
different cast-in-place concrete properties is the same. It is 
also noticed that the rate of increase in bending moment increases 
as creep of cast-in-place concrete increases. 
(d) Effect of Cracking on Reinforced Concrete Beam 
Deflection Profiles 
Graphs 7.25 and 7.26 show the computed variation with time of 
the deflection profile of reinforced concrete beam due to loading 
and heating using two different temperature gradients and 
providing an increase in the allowable tensile strength of 
concrete to prevent the formation of cracks due to loading and 
heating at any time. It is clear from the above-mentioned graphs 
that the thermo-elastic deflection of the beam decreases due to 
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increase in temperature gradient providing cracks are not 
allowed, but there will be a substantial increase in thermo- 
elastic deflection by increasing the temperature gradient and 
allowing for cracking which will create a situation in which 




1. Under sustained load and sustained temperature crossfall 
there are substantial changes in computed reactions in the 
three types of continuous concrete beams. 
2. The computed deflections of the three types of concrete 
beams exhibit severe variations with time when subjected 
to sustained temperature crossfall. 
3. The stresses of prestressed conctinuous beam when subjected 
to sustained temperature crossfall exhibit severe variations 
with time. 
I 
In composite beam the variation of cast-in-place concrete 
properties with respect to a constant concrete properties 
of precast portion causes substantial increase in computed 
deflections as creep of cast-in-place concrete increases. 
Sagging moments may develop at the centre support sections 
in the composite pres 
temperature crossfall 
side of the beam. As 
continuity connection 
bottom of the beam at 
tressed beam by increasing the applied 
from 40 0C to, say, 60 0C on the top 
long as there is no positive moment 
is provided cracking may occur at the 
these sections. This will create a 
situation in which nominally tensile steel at the centre 
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support sections is actually in compression. These cracks 
will develop only just after loading and heating. However, 
there will be a very rapid reduction of the positive moments 
set up at the centre support at the early stage of loading 
and heating accompanies by redistribution of bending moment 
over the whole beam gradually by time due to creep. The 
result is closing up the cracks at these sections after a 
very short time of loading and heating. Certainly these 
cracks are not desirable at this particular section which 
is not provided with'any reinforcement to carry that tension, 
but as long as these cracks will close up due to creep this 
will not affect the subsequent life or the ultimate load 
carrying capacity of the structure. Estension of the whole 
plank over the whole length of the beam will prevent the 
creation of these cracks at centre support sections, but 
this is not the most economical solution to the problem as 
long as these. cracks will close up after a few days of 
loading and heating. 
6. Cracking has a significant influence on increasing the 
deflections of reinforced concrete beam when subjected to 
large temperature crossfalls. 
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Graph 7.7 Comput6d deflection profile of prestressed concrete 
continuous beam after loading and heating 
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Graph 7.22 Computed deflection profile of composite 
prestressed concrete continuous beam at 
11 days after loading and beating using 
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Graph 7.25 Computed deflection profile of reinforced 
concrete continuous beam after loading and 
heating. 
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Curves (a) and (b) indicate the significant 
influence that cracking has on deflection at 
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CONCLUSIONS 
In this Chapter the essential points arising from the entire 
investigatign in the preceding chapters are summarised in the 
following points: 
The deflection behaviour of simply supported and continuous 
concrete beams tested to failure followed the elastic theory 
predictions until cracking. The experimental and theoretical 
t 
loads at ultimate showed good agreement. 
2. Long-term tests at laboratory temperature. indicate decrease 
in the magnitude of the centre support 
reaction during the sustained loading period with regard to 
the reinforced and composite prestressed beams. The decrease 
was about 2% for reinforced concrete beam, and 5% for composite 
beam. No time dependent variation of the centre support 
reaction was observed in the prestressed concrete beam. 
The ratio of the creep deflection at 9 months after loading 
to the elastic deflection for reinforced, prestressed and - 
composite beams was approximately 1.57,0.87 and 1.55 respectively. 
Tensile concrete strains at the steel level at positions of 
maximum positive bending moment showed little change with time 
in reinforced concrete beam. 
The proposed numerical method of analysis which takes into 
consideration the effect of concrete tension between cracks 
has been verified by comparison with experimental results. There 
is fair agreement between theoretical predictions and the 
experimental results in the case of prestressed and composite concrete 
beams only. The method underestimates the long-term deflection of 
reinforced concrete beam. - 
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6. Calculated long-term variation of centre reaction and 
deflections of the three types of continuous concrete beams 
when subjected to a crossfall of 10 0C between the hot and 
cold faces showed severe variation with time. 
7. Calculated elastic thermal deflections decreased by increasing 
the temperature crossfall in the case of prestressed and 
composite prestressed beams and often increases in the case 
of reinforced concrete beam. The increase in the latter case 
results from the increased cracking which is created by large 
temperature crossfalls. 
8.2 SUGGESTIONS FOR FURTRER RESEARCH 
1. In some prestressed concrete structures, cracks are permissible 
in design. The present investigation should be extended 
experimentally to study the long-term behaviour of a cracked 
prestressed concrete continuous beam and the present analysis 
should be extended to account for the effect of cracks and 
their propagation with time in prestressed beams. 
2. The present investigation should be extended experimentally 
to study the elastic and long-term behaviour of the three ' 
types of continuous concrete beams when subjected to temperature 
gradient and compare the results w. ith the predictions from the 
numerical method used in this investigation. 
255 
APPENDIX A 
Design details of the experimental test beams 
4 
A simple empirical method for determining the ultimate flexural 
strength of reinforced, prestressed and composite prestressed 
concrete beams is presented herewith; based on the tests carried 
out by some investigators. The method is limited to the follow- 
ing conditions: 
1. The failure is primarily a flexural failure with no shear, 
bond or anchorage failure which might decrease the strength 
r of the section. 
2. Prestressed beams are bonded. 
The beams are statically determinate, although discussions 
apply equally well to individual sections of continuous beams, 
the ultimate strength of continuous beams as a whole could be 
calculated by using the plastic hinge theory. 
The load considered is the ultimate load obtained as d result 
of a short static test. 
5. For the purpose of practical design it is assumed that the steel 
is stressed to the ultimate strength at rupture of under- 
reinforced prestressed beams. 
6. Tension failure by yielding of the steel in under-reinforced, 
reinforced concrete beams. 
The computation of the ultimate resisting moment can be calculated 
from the laws of equilibrium and from the assumption that plane 
cross sections remain plane. Referring to Fig. A-1, the ultimate 
compressive force in concrete C' equals the ultimate tensile force 






Let a' be the lever arm between the forces C' and TI, then the 
ultimate resisting moment is given by 
Ml = Val =Af 'a' ss 
(A-2) 
to determine the lever arm a', it is only necessary to locate the 
Centre of pressure C'. There are many plastic theories for the 
(84) distribution of compressive stress in concrete at failure 
Choosing the rectangular stress block for the ultimate compression 
in concrete, the depth to the ultimate neutral axis k'd is computed 
by 
C, =. klf, 'k'bd 
where kIfC' is the average compressive stress in concrete at 




k if c 






Where A is the cross-sectional area of steel and fs' is. the ultimate 
unit stress in steel. 
Locating C' at the centre of the rectangular stress block, we have 
the lever arm 
Wd/2 
d(l - 
k' (A-4) . t' 2)* 





According to Whitney's plastic theory of reinforced concrete 
beams, JE 1 
ihould be 0.85 based on cylinder strength. 






By I substituting this expression for k' into equation (A-5), we 
have 





for a rectangular section we put P 
Ls 
. Then using f for f 
19 
bd su s 
we have the following formula: 
0.59 Pfsu 
M' =A Sf ! ýu 
d(l. - -f, (A-7) 
c 
which is almost identical to that given in the building code 
requirements of the prestressed Concrete Institute, 1961 and as 
(85) first proposed by the ACI-ASCE recommendations 
A. 1 Design of Composite Prestressed Concrete Simple Beam 




t 51 mm (depth of prestressed portion) 
z 1.52 m 
As3.926 x 1075 M2 (area of 2-5 inm 0 H. T. S. bars) 





Z800"N/m. 2 (maximum allowable tensile stress of Concrete 
Mix B) 
fSU = 165Z590. MN/m 
2 
fI= 22240 N' (initial'Prestressing force in'steel. 
before transfer) 
Cracking Load 
Assuming total loss at loading = 15% 
Therefore concrete stress in precast unit just before loading 
85 2x 22240 
-m5.837 27 MN/m 
2 
100 - 0.127 x 0.051 
,= bd 
3 0.127 x 0.204"3,8.98 x 107-5 m4 12 12 
where I is the moment of inertia of the section 
(initial stress in precast unit + 
fct) 
cr d') x 
= 
(5837270 + 2800000) 
x 8.98 x 1075 0.204 
2 
= 7604.1847 Nm 
where M cr 
is the cracking moment. 
m 
W cr =. 
7604.1847 
cr 1.1) ( 1.52 
15008.25 N 
33 
where W cr 
is the point load on the beam at cracking. 
Total cracking load = 2W cr ý 
30.0165 kN 
Ultimate Load 




x 107-5 p= bd 1=0.127 x 0.178 
= 0.001737 
M' 3.926 x 1075 x 1652590 x 103 x 0.178 x 
3 
(1 0.59 x 0.001737 x 1652590 x 10 
30710 x 10 




= 21536.54 N 1.52 
where W 
Ult 
is the maximum point load at failure 
Ultimate Failure Load = 2W ult 
= 43073.08 N 
A. 2 Design of Reinforced Concrete Simple Beam 
Assumptions (See Fig. A. 2) 
b=0.127 m 
'd = 0.204 m 
d1=0.165 m 
L=1.52 m 
As=1,508 x 0- 
4 
M2 (area of 3 No. 8 mm 0 deformed bars) 
fc= 3Q71014N/m 2 
f 
ct = 
2.620MN/m 2 (maximum allowable tensile stress of concrete 
Mix A) 




x 1075 M4 12 
where I is 'the moment of inertia of the section 
cr 
f 
ct xI i2 ä 
2620000 
1 8.98 x 10 -5 = 2306.62 Nm 0., 204 
2 
where M cr 
is the cracking moment. 
m 
er 2306.62 4552.53 N Wer 'ý (_ ý' 
.i1 (1.52 33 
where W is the point load on the beam at cracking. cr 
Total Cracking Load = 211 9.1 kN cr 
Ultimate Load 
Using fy instead of f su 
in equation (A-7) to calculate the ultimate 
bending moment 
PAs1.508 x 10 
-4 
= 0.00719 bd 1 0.127 x 0.165 
1.508 x 107-4 x"427490 x 103 x 0.165 x 
0.59 x 0.00719 x 427490 x 103 (1 
30710 x 103 








is the maximum point load at failure. 
Ultimate failure load = 2W ult 
= 39507.98 N 
A. 3 Design of Prestressed Concrete Simple Beam 
Assumptions (See Fig. A. 2) 
b 0.127 m 
d 0.204 m 
d 0.171 m 
1.52 m 
As=3.926 x 10 -' Mý (area of 2-5 mm 0 H. T. S. bars) 










fI= 22240 N' 
Cracking Load 
(initial force in steel. 
before transfer) 
Assuming total loss at loading = 15% 
Therefore the initial concrete stress just before loading 
85 
x2x 
22240 1A59.31MN/m 2 100 0.1.27 x 0.204 
bd 3=8.98 
x 1075 m4 12 
where I is the moment of inertia of the section 
M 
(initial stress in the beam +f cd 
cr d 
2 
(1459310 + 2800000) 
x 8.98 x 10-5 = 3749.86 Nm 0.204 
2 
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where M cr 
is the cracking moment. 
wm cr . 
3749.86 7401 N 
cr (1(1.52 
33 
where W cr 
is the point load on the beam at cracking. 




From equation (A-7) we calculate the ultimat e bending moment: 
As3.926 
x 107,5 -3 P=-=1.807 x 10 bd 1 0.127 x 0.171 
3.9ý6 x 1075 x 1652590 x 10 
3x0.171 
x 
0.59 x 1.807 x 10-3 x 1652590 x 10 
3 
35095 x 10 
3 
= 10537.614 Nm 
w 3M' 
ult z 




is the maximum point load at failure 
Ultimate Failure Load = 2W ult 
= 41595.844 N 
We notice that the three types of beams have approximately the 
same ultimate capacity. 
The design approach has been chosen because of preference in my own 
country. A similar result would be obtained by using the British code. 
264 
A. 4 Desiýyn of reinforced concrete two sDan continuous beam 
Assumptions used in reinforced concrete simple beam regarding beam 
cross sections and properties of steel and concrete are used here to 
calculate the ultimate moment at Sec. II-II (see Fig. A. 3) (the 
section of maximum negative bending moment) by following the same 
procedure and using equation (A-7). The ultimate strength of the 
whole beam could be calculated by using the plastic hinge theory, 
as at ultimate load, the maximum positive bending moment at Sec. I-ý-. I 
will reach the value of the moment at Section II-II. 
Cracking Load: 
M 
cr ýM cr 
for reinforced concrete simple beam (see art. A. 2) 
Where M 
cr 
is the cracking moment 
wm cr 2306.62 3= 4552.53 N 
cr 1.52 x 
I 
Total cracking load =4W cr = 
18.2 kN 
Ultimate Load 
The ultimate moment M' at sections I-I and II-II are taken equal to 
the ultimate moment of simple beam (see art. A. 2). 
Therefore, when the bending moment at Section II-II reaches its 
ultimate value 10008.692 Nm 
3M' 
3x 10008.692 
. 19753.997 N 1.52 
Bending moment at Section I-I will reach its ultimate'value M' when 
wI is given by: 
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M, 
xt= M' (See fig. A. 4) 21 3 
(W 10008.692 1.52 10008.692 1.52 3 
6584.66) x 
1.52 
= 10008.692 3 
Therefore, 
26338.65 N. 
Ultimate failure load = 4W I= 105.354 kN. 
266 
Design of stirrups 
The shear stresses, q, at any cross-section in a reinforced concrete 
beam are calculated from the following equation: 
qQ bia (A-8) 
where Q is the total shearing force across the section, 
b is the breadth of the rectangular beam 
La is the arm of the resistance moment appropriate to the method 
I 
of design being used. 
Q max at ultimate = 32923.31 N 




32923.31 1.963929, "N/m 
2 
ý -67127 x 0.8 x 0.165 
choose 08 mm 2 branches. 
Area of stirrups = 1.005 x 10-4 m2 






is the permissible tensile stress in shear reinforcement. 
Aw is the cross sectional area of the stirrup 
la is the arm of the resistance moment 
S is the spacing of stirrups 
from equation (A-9) 
267 
ptA ta ptA ka 
Q qbka 
Ps t Aw 
qb 
3 427490 x 10 x 1.005 x 10 
1963929.2 x 0.127 
= 0.172 
As the spacing of stirrups when required to resist shear should 
not exceed a distance equal to the arm of the resistance moment. 
(86) 
Therefore, -the space S is taken as 0.127 m. 
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A. 5 Design of Prestressed Concrete two span continuous beam 
Cracking Load 
Assuming total loss at loading = 15% 
Therefore the initial concrete stress just before loading 
85 4x 22240 
= 2.918 63MN/m 
2 
100 - 0.127 x 0.204 
bd3 
= 8.98 x 10- 
5m4 
IT 
where I is the moment of inertia of the section 
(initial stress in the beam +f) 
cr (d/2) 
rt-I x 
(2918630 + 2800000) 
x 8.98 x 10-5 = 5034.637 Nm 0,204 
2 
where M cr 
is the cracking moment 
WM cr 5034.637 = 9936.78 N cr (. tT3) - 1.52 
where W 
cr 
is the point load on the beam at cracking. 
Total cracking load = 4W cr = 
39.764 kN 
Ultimate Load 
The ultimate moment M' at sections I-I and II-II are taken equal to 
the ultimate moment of prestressed concrete simple beam (see art. A. 3). 
Therefore, 




.. 20797.923 N 1.52 
Bending moment at section I-I will reach its ultimate value M' when 
W, is given by 




= 10537.614 1.52 3 
Therefore 
w1= 27730.56 N 
Ultimate failure load = 4W 1= 110.922 kN 
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A. 6 Design of Composite Prestressed Concrete two span continuous beam 
Cracking Load 
M 
cr at section 
II-II =M cr 
for reinforced concrete continuous beam. 
Therefore 
Total, Cracking Load = 18.2 kN (see art. A. 4) 
Ultimate Load 
The ultimate moment M' at section II-II is taken equal to the ultimate 
Poment MI of reinforced continuous beam at section II-II. 
Therefore 
The ultimate failure foad = ultimate failure load of reinforced 
concrete continuous beam *'= 105.354 kN (see art. A. 4) 
We, notice that the three types of continuous beams have approximately 






Fig. A. 1 Concrete compressive stress distribution 
aItI, failure 
33 
Fig. A. 2 Bending moment diagram of reinforced, 











B. M. D. 
S. F. D. 
2 5W1 
Fig. A. 3 Bending moment and shearing force diagrams for 
a two span continuous beam - 
10008.692 Nm 
, w 
0.5 0 8m4i) 
26338.65 NJ 
6584.66 N1 10008.692 Nm 
-sk "4 -Jljl 6672.78 NýLt 
10008.692 Nm 
32923.31 N1 6584,66 N 
6584.66 N 
B. M. D. 
S. F. D. 
19753.99 N 
Fig. A. 4 Bending moment and sbearing force diagrams at 
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APPENDIX B 
Prediction of the deflection profile of two span 
continuous beam 
274 
Fig. B. 1 shows the bending moment diagram M0 of two span con- 
tinuous beam loaded with equal loads at the third points of each 
span of length L. 
Calculation of deflection profile of span CB could be carried out 
by taking Point C as a datum and dividing the span CB to n 
longitudinal elements each of length I as shown in Fig. B. 2. 
Therefore, the deflection at any point along the beam could be 
cal'Culated as follows: 
A1= (t 2da 1 
)a,,. 
A2+ 2da I 
)a 
1++ 
2da 2 )(2a 1+a 2) 
3+ 2da 1 )a 1+ 
(t + 2da 2) (2a 1+a2)+ 
(t + 2da 3) (2a 1+ 2ct 2+a 3) 
An= (Z + 2da 1 )a 1+ (t + 2da 2) 
(2a 1+a 2) ................. 
(I + 2da 
n) 
(2a I+ 2a 2,4*****'**+ an) 




1 -2 2n 
, 2dLO 0L 2dO 
(L L'. Ln iý. + .+ fý (-E- + -i- L) 2a n 2 ti 
(0 1+6........... 0 
L2 (1 + del)el + (1 + de )(20, + 
2n2 2 02) 
+ d8d(Ill + 202 +,.. 0 
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assuming (1 + dO 1 
), (l + dO 2) . ..... 
(1 + dO 
n). 
I 
Therefore the deflection at point n is given by 




(20 1+ 20 2+ 20 3 +0 4) 
I 
(20 
1 +... 20 20 n) 
I 
(B- 1) 
AB must be equal to zero if the whole beam is compitible where AB 
is the deflection at point B. 
If the whole beam is not compatible. Therefore, AB-6 as shown in 
Fig. (B-3). Compatibility and equilibrium , could be achieved 
by 
calculating the deflection *ý at point B due to unit load applied 
at that point from equation (B-1) as shown in Fig. B-4. 
Therefore 
Si. l 
where P1 is the load required to lift the end support atý point B 
distance 4 to obtain zero def lecti6n at that point. Fig. B-5 shows 
the bending moment diagram M1 due to applied load P at Point B. 
Therefore, the actual bending moment diagram of the beam is 
equal to: 
M0 diagram +M1 diagram 
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Therefore a new curvature 6 for each longitudinal element due to 
the actual bending moment (M 0+M1) could 
be calculated. 
Therefore the deflection at any point along the beam may be 







Fig. B. 1 Bending Moment diagram due to applied loads 
C 










Fig. B. 3 Deflection profile for half of the beam due 
to applied loads 
C B 




Fig. B. 4 Bending m6ment diagram and deflection profile 




Fig. B. 5 Bending moment diagram for half of the beam due 





for Prestressed Concrete members in 
constant-moment zoneýs 
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Moment- curvature relationships 
for prcs+f-ress,, -.. d concrete in 
constant-moment zones 
M. J. N. Pricstlev*, BI(frons). PhD, MINZIE 
R. Parkt, mr, Ph; ). CEng P .. MICE. I. OlStructE, NINZIE and 
F. P. S. Luj+ 13S4--. FNZIE 
UNIVER31TY OF CANTERNURY. CHMITCHURCH. NEW ZEALAND 
SYNOPSIS 
The paper (teals is ith a theoretical formulation of 
moment-curvature curvesfor prcsircued concrete niem- 
bers subjccied to convant henthike moment. The theory 
takes into consideration the variation of curvature be- 
fireen cracks caused bY concrete tension and makes 
possihie the prediction of both the currature of a crack 
and the over, 7ge curiature aInn. - the lenýqqth ofihe incin- 
ber. A report is hichided oftests on sci-en slikzfe-spOn 
pre-fenvioned heamr i, lirh Am%- that the thenry arcur- 
atcly predicts the Pumm Pit-curvatior relation. %hip. 
Introduction 
Severalthcorics, r(, t,. thfytho%c by Baker' I I, Macchi, II 
and Guyon"'. have b"-n dcvclofvd to predict the 
ultinmic load behnvintor orcontiunus pre,. trc,;,. cd con. 
crcte structures. In Sencral, the theories require a 
kno%%lcdrc of the mornent-curvature relationships for 
the sections in order 'that the distribution or bending 
moments throurhout the structure at the ultimate load 
may be determined. Kno%%Iedyc or the %hape of the 
moricni-cumature rchtiomhip also gives an indica- 
tion orthe ductility a%ailablc rrom prestressed concrete 
mcmlxrs. 
Nionicnt-curvaturc r0ition%hipi for prestressed con- 
crete members are u; ually deri,. cd for the sections at 
which cracks form, the behaviour or the member 
between th: cracks Ning i. -norcd. Ho%%c%-cr, the bond 
bct%vccn the steel and the concrete will nican that 
tension is trantrerred rrom the steel to the concrete 
between the cracks. This build-up of concrete ten%ion 
depends upop the distribution or bond stress and will 
only lead to new cracki between cxiýting cracks when 
the tensile strength orthe concrete is exceedcd. Because 
or, 0 the tcnsion carried by the concrete, the curvature 
between crack-i will be less than that nt the cracks. 
Theory will be presented in this paper for the deter- 
mination of moment-curvaturc re; ationWpi. for mem- 
bcrs with constant bending moment inJuding the 
cffcct of concrete wnsion Mwccn the cracks. The 
theory will be compared %%ith the results from a series 
or tc,, -- on %ingle-span beams. 
The rcsulti gi%cn in thi- p; tpcr may be ccn in more 
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- total area of prestressing steel 
m %vidth or section 
- comprcýýivc force in concrete 
- diitance from extreme comprecsion fibre to 
centroid or preitres--ing steel 
- concrete cninpressi%e strain 
- concrete comprcss: %c strain at extreme com. 
prcssion fibre 
- concrete coniprcsi%e strain at cru,. hing. 
- concrete comprcs%ivc strain at maximum 
stress 
- steel strain above eq 
- steel strain %&hcn concrete strcss is zero 
steel strains corrc%ponding to steel stresscsf,. 
andf... I. rcspcctivc! y 
- concrete tcnsila strain at modulus of rupture 
- concrete stress 
- concrete compressive stress at e%trcmc com- 
prcssion fibre 
- 150 mm diameter x 300 mm cylinder crush- 
ing strength orconcrctc 
- 150 mm cube crushing strength nr concrete 
- steel strc%s 
- steel stre-I at a crack %%hcn Al - At., 
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fo - btccl.., trcssjuNl. before cracking when %I - 41ý, 
- stee! strebs at a crack when . 11 )ý Afý, 
steel stress at points n and n+ I on the steel 
strcv; -Arain curve. respectively 
= steel 3, trebs after transfer when beam is , tb- 
jecied to zero curvature 
- modulus or ruptL.. -c or concrete 
k- paranicter for distance from neutral axis to 
extreme coinprcsion fibre 
k, - paraincter for distance from neutral axis to 
cantroid orconcrete tension 
I= distance from a crack 
/a - minimum distance from crack ovci which 
suiricient tension can be transferred from the 
steel to the concrete by bond to crack the 
concrete 
Al moment 
, 11ý nionient at cracking 
Al. uftinime moment (when strain at c)trcj? tc 
corrp. estion fibre of concrete reaches 0-004) 
Q, concrete strebs-strain function 
Q. steel strcss-strain function 
T. tensile force in concrete 
T, tenAc force in steel 
I- over, ill depth* or section 
U- bond stress 
U.. = a%cr. i,, c bond ttross 
if,. - ria%ij. ium bond stress 
X- di, tanco rrom neutril a%is to a fibre 
cur%. iture 
a%cii-ge curvature 
cur%aturc at ultimate moincsit (when strair at 
extreine compression fibic orconcretc reachcN 
0 C, 04) 
1: 0 total sarrace area of prwressing steel per unit 
length 
Det, clopment or the theory 
The theory %%ill assume that the tendons are bonded 
to the concrete and hence applies to the analysi& of 
pre-tcrtiloned and %%ell grojtcd p. ), mcrisioned buntins. 
the modulut, or rupture %%ill be 3'WIIICd to be fincar, 
but the other tar"s-strain relationihipi will be assumed 
to be Vencral. 
STRLSS CONDITIONS JUST BEFORE 
CRACKING 
Figure I shows the conditions at a section when the 
external monient has increased to , *, a stage or causing 
the modulus of rupture to be reached at the extreme 
tension fibre. If the usjal absumption or a linear strain 
profile is made. 
VIV eft 1 
.. (3) 
and 
e. - e, * - (rý + r, ') (I - i#r) ...... 
(4)* 
The fources acling a: the -ection arc 
o"' 
C-bfQ. (e. )d. r ................ (5) h 
r. 
b1f., e" 
............... (6) + 
Too + ej ................ (7) 
For cquilil), oum. C 7c r,. and Ilicreftwo: 
1.4 




2*'. ', '; -+ or, 
1. equation S. ir. ý is thc only 
ind.: pcndcqt varijb1c. Jr 
the relationship, Q. and 0, arc known. it is possible 
to w1w c, luatitm 3 to find v- When orý has been 
found, T, and T, nijy b.., calculated and the cricking 
moment may be found by taking moments about the 
neutral axis to be 
T. 3' 
to I+T. O"t d 
or., + C. r" + e. 
kd 
+ 11 f Q. (O. ). % dX .................. (9) 
The cur%aturt: inimc, liately N. -firc cracling is i RELATIONSHIPS STRESS AND SIRAIN 
For a prebtruss. d concrete section, zero steel strain 
does not carresp3nd to fcro concrete strain. Conse- 
quently the inilial conditions nccJ definition. The 
initial concrcte strain ib the btra; n corresponding to 
zero concrete vress. The initint steel strain. e,,. is the 
steel strain cormponding to the initial concrete strain. 
In the gencral form, the steel and concrete stresbes 
at any sta,, c of loading are given by 
A+ ej .............. (1) 
f. .................. (2) 
where Q. and Q, denote the strebs-strain functions of 
the steel and co;: crete. respecriwly. For concrete in 
tension, Ow wri. ition of tenii1c -, tr,: -; s %kith -, train tip W 
S.. te. + C., 
dt 
v V. -I iccilom STILAINI stlutts KAM 
ripoe I-t.. rwe 4-FU% t i. Z 
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STRESS CONDITIONS AFT. ER. TIM 
FORMATION OF CRACKS, 
Conditions tit a crack- 
It is assumed that. -is soon as cracking occurs. all 
the enpacity or the concrete at the cracked 
scctioý is efrectively ! o%t. In fact, the crick will not 
travel right up to the neutral axis. but the error in- 
vol%c, J is sinjil. After cracking, the sicel and concrete 
stresses must redivributc to balance the cracking 
moment without the a, sistincc or T, 
The norinal assump6on will be made that steel 
strains arc linearly rclated to concrctc compressive 
strains. Equations 3 to l0apply, except that T. 'is 7cro. 




A. Q. (ei -. 4- ej ........ 0 1) 
Also, taking moments or these two forces about the 
neutral axis gives 
Wd 
At - bfQ, (ejirdx + A, Q, (ej + C. ))d(I 
(12) 
Equations II and 12 bold for any moment At equal 
to or grcatcr than ! lie cracking moment At, If the 
rclation; hips Q, and Q, are known, equations II and 
12 can be soNed simul: ancouOy to yicld e. and e. the 




Immcdintely ifter thc firkt crack forms in a region 
or constant moment (3f - M,, ). a stress condition 
that %arius bct%%-ccn two limits exists. Let A be the 
section at a crack, anti 8 be a section some distance 
a%ay from the crick %%! icrc the stresses h; t%e not been 
2fr, ctcd bythc rormation ofthc crack. The stresses and 
the stress tesultants at section B arc as described by 
equations I to 9. 
At section B (away front th,: crack), the steel stress 
is, front equations I and 4 
f" - Q, {C. + C'* - (eý + 1114)) .... (14) 
At section A (at the cr 
* 
nck). the steel stress is 
A% - Ne. + ed .............. 
(15) 
where r, is found from equations 11 and 12 when 
m- xfý. 
At section A. all the tensile stress is carried by the 
steel; bct%kcen sections A and B. tension is transferred 
rrom the -tccl to the concrete by bond. Let In be the 
minimum lcngth I)el%%ccn A and B over which it is 
possible to transfer stifficicnt tension to the concrete 
to cnu-; c the modul. i. or TtIPtUrc to be just rcicl: cd at 
A Then 
Atontent-curvatisre curve. 1fir prestrested concrele 
A. (f. A -f. 11 
U"I: o 
where 11., is the avcrav bond stress bct%%ccn the steel 
and thcFoncrctc and ! ýO is the ! otal surracc arca orthe 
prestrusing steel pcr unit length. 
Crack spacing 
At first cracking in a constant-monient zone, prob. 
ably one crack alone will form because or the non- 
homogeneity orconcretc. This will occur at the section 
with the weakest modulus orruplure. More cracks will 
form at sections %%ith slightly higher MOdLli orrupture 
as the load is increased rractionally. Note that a new 
crack cannot rorm bct%%ccn two existing cracks un! css 
the spacing bct%Ncen them is at least Va, because 
enough bond ! cngth is required each side of the poten. 
tial crack position 'to build up enough tension. It is 
evident that. %-, ith initially random cracking, the in- 
di, ddual crack spacings soon after the rornintion orthe 
first crack %ill vaq be, %%cen t%%o limits. Is and Va. 
These cracks will constitute the final cracking pattern. 
apart from cracks due to causcs other than ncxuril 
stresses. because at hii! hcr moments no inore tension 
can be transferred from the sccl to the concrete bv 
bond thnn at first cracking. because the bond strc;,, 
rcae. 'ics its maximum %thic. %hen cracking first occurs. 
Also. Vic area of concrcc over %-. hich the 1crision can 
he distribu! cd %%ill increase as Ih: neutral Axis rise% 
with inccasing load. Bccau; c the crack spac. 'ng can be 
expected to vi%v bcl%%ccn Ill Mid 210. the average crack 
spacing will be appre-\imately equal to 
.1 
-51u. 
Stre. Ts distribittioit at a distance Ifrom a 
crack (I < /a) 
The ns%vniption is made that. at a sccl-nn some 
distance fcorn a crick-, the steel strain is still linearly 
related to the concrete compressive strain. 
At a di-tancc I rrom a crick, the steel stress will be 
rcclucccl by boid and the crincircle tension %%ill build 
up. At this stage ortfic analysis. no as-umption is made 
rerardin- the shave and distr: bution or ten,; Ic strc-qcs 
and strains in the co: icrcle across the section. The 
conditions -it a distance rrom a crick arc shown in 
rigurc 2.1 he reduction or steel Icn%ion force over 
f 
lerrih I from the crack is -. i%cn by f uMll. where u 
is the bond sire%% and may vary with 1. Therctore, the 
tensile sires- in the steel at distance 1 rrom the crack is 
-f- -f 
UZO idl ............ (17) 
0 
7. - 
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SECTION STRAINS STRESSES FORCE$ 
F, jr-, e 2: Cv. 1, nom at a disiance Iý /a frwn a crack. 
Front the strain distribution in Figure 2. 
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Sleelsimss-sImbi relaiiomhip 
The actual stress-strain curve for the steel can be 
obtained from test r"ults. The btress-strain curve %ill 
be reprewnted by a number or straiSht lines joining 
sp, ocified points on the actual siress-strain curve. 
If a 
point on the curve is defined by stressf. and strain 
eý.. the equation of the linejoinin. - point )t with point 
n+I is 
+. (C. + V. - Cý) ...... (24) C. 's - e- 
ein (19) 
e. + e. 
For equilibrium, C Tc + T,, and thererare 
b Q, (cjdx = T. + Aj .......... (20) 
and, if monients arc taken about the neutral axis, 
old 
M-bQ, (ejxdx + Tk, t-e,,. 
d 
ew + e) 
d 
+ Aj. wý .................... (21) ecc + C. 
Thus, if the r0ationshipt Q, anti Q. and the 
ý,,. 
tri- 
bution or bond itrebs u are kno%% n. tiýc steel sircssf., 
at 3 crack for a given moment . 11 may be round by the 
solution of equation,. II and 12, and the steel stress 
and strain at dibtanc. I rrom the crack unny be found 
from equations 17 and IS. Then, if k, is 
ýlso known, 
the aimuitaneous soiutioi, orequations 20 and 21 gives 
t1w remaining tnknowns e- and T,, and consequently 
the rull streýs and strain conditiom, at a distance I rr, )j-n 
a crack can be found. 
The curvature at this section is then given by 
T- 
e« +e.............. (22) 
d- 
Inte-ration or the cunature over hair the distince 
bcowen the cracks gives the average cur%aturc at 
0* 
inainent M ab, 
0-731M 
f e" + di ............ 0 751ad 
STRESS-STRAIN AND BOND FUNCTIONS 
The solution of equations I to 23 requires a know- 
iedze or the 5. teci and concrete strcss-strain relation- 
ships, the vwianan of bond stress between cracks and 
the distribution or the tensile stress in the concrete at 
a section some distance from a crack. These are Jis- 
cussed in the following sections. 
Concrete siress-strain reltillonship 
The widely accepted shape ol'thc strqs-strain curve 
proposed by I lognnaad'31 for concrete in compression. 
will be adopted. The curve consiAs of a secojid-ordcr 
parAbola up to the maximurn stre3s and a lincar failing 
branch. HOVICitad assumed a maximum stress or 
0.85f, ' for his curve, mhich was the value obtained 
from tcý. ts on short eccentrically loaded columns. For 
the present study on beams it was relt that a maximunt 
stress equal to the cylijid,! r strengthf, ' %%ould be mo. e 
appropriate. The cur% c adopted it. shown in Figure 3. 
The strains e. and r,. arc the str. iins at maiinium vress 
and at crushing. ropeciNcly. Typical values ore. - 
0 002 and e,, -0 004 will tv as, umed. The equation 
for the Curve is: 
for 04C, 4 C, 
........... (25) I elp 




C, - eo) 
...... (26) e.. - ea 
For concrete in tonsion, the itress-strain cur%. - mill 
be assumed to be lincdr with a 5.1op, equal to that of 
the cur%c for compretsion 3t Yer. ) stress. 
I. 
$TRAIN. o. 
ficure Suris-stea. 'a ewse far 4-ow-vie. 
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Variation of h0lidstress hetween cracks 
The variation of bond strc-s-bct%vccn cracks is a 
proalcm that has not been satisfictorily rciol%cd. al- 
thouch a larýe amount of theoretical anti expcrimental 
work has been comp; led on the Subject. tlo%vc%cr, it is 
SencralLy ierced that the bond stress is a maximum 
very clo,; c to the cr;! ck and decreases in some rashion 
further away rrom the crack: -cc Evans anti Robin- 
son"' and I-conhardt"', for example. 
For this analysis, it %%ill he assumed that. at first 
cracking, the bond %irc-s decreases linearly from a 
maximum'u,, at the crack to zero at a distance to, 
equal to the bond Icngth. away from the crack. It will 
be rurthcr assumed that the Sradicn 
*i 
ofthe bond stress 
is indcpendnt of the distance boween cracks, but is 
purely a function of the distance from the nearest 
crack. 
Thus, ror the average condition ortwo cricks spaced 
a distance 1-5/g apart, the bond stress distribution %jll 
be as shown in Figure 4. The bond stress distribution 





At a distance I gC 0-7511, from a crack. the tensile 








Now, rrom equation 16, 
Aý(f,,, - fR) 
I'mo 
and, since a linear bond dimribution is assumed, 
Y. - 2u., - 




Substituting u. from equation 29 into equation 28 
give-flic mccl strOs at distince 14 0-75/a rrom a 
crack as 




In equation 4M. f., is the tcn0c steel stres'- at thecrack 
gil6en by the solution or equations II and 12 for the 
particular moment 11 acting. and fA, and fn arc the 
steel stresses -i%-cn by equations 15. and 14 when At - 
Af- The value off. g4en by equation 30 is the value 
which will be used in equations 20 and 21. 
Note thatf. from equation 30 is intlcpcndcnt or the 
maximum bond stress it. and thus the magnitude or 
(he maximuni 11, nnd %1rc%% (I&v-. not a1l`cct the moment- 
curvature curves. This ii to lv cx[vocil becatow, rivcn 
Alemient-curialurc curresfor prestresicif conc"te 
a ccrt; in' bond stress distribution (ror example. tri- 
angular, as used here). the magnitude or it. will only 
alter the crack spacing. The distribution of stresses 
between cricks in similar bcams with difrerent values 
or it. will be geometrically similar. allhough the crack 
spacing will difTcr. 
Concrete lension distribution 
The distribution or concrete tension at a section. 
betu-cen two cracks is required in order that the para- 
ureter k,, %%hich ppi%es 
the distance rrom the ccritroid 
or me concrete tensile strcs%c,. to the ncitral axis. may 
be determined. Very little information is available as 
to the magn4ude or k,, but it was found that vaq% ing 
k, from 13 to I (corresponding repectivOy to a trian- 
Sular and to a symmetrical diitribution. be it rectan- 
jular or cur%ilincar) made a difricrence or less than 
0.1 Y. to the a,. era. -e curvature. The analysis is ivi- 
dently insensitive to this variable. and a constant value 
of. ' was chosen. 
SEQUENCE OF CALCULATIONS 
The equations obtained by the substitution of the 
stress-strain and bond stress relationships a%surned in 
the prc%ious section into the appropriate equations of 
I to 23 were programmed ror solution by a digital 
computer"'. The calculation orthe mon,, cnt-curvature 
cur%cs for the cons tan t-moment zone or a given pr-, 
strcs,. cd concrete member with incrca,. ing moment 
usin, the dcri%cd equation.; inay 'tic carried out as 
follows. 
(1) The or,. %%hich swisfics cquaLion 8 is round 
by trial and error. anti the cracking moinent and the 
corresponding c(irvaturc arc round rrom equations 9 
ard 10 respecliwly. 
(2? The momcni-cumiturc relationship ror a cracked 
section is obtained by submituitin; gradually increasing 
values ror c,, tip to e,. into equation II to rind e. and 
then into cqua-ions 12 and 13 to End [lie correspond- 
ing monicnts and cur%atures re%pcctively, 
(3) The moment-curviturc relitionships ror sections 
bci%%cen crack% are round by siNtituting various 
vahi, s or/ji, ind -radtivIly increlsing value, r,. into 
cquation 20 to rind T, and [lien into equations 21 and 
22 to rind thý moments and corre%pondirg curvatures, 
rcipectitely, at the -. arious sections. A comparison or 
V-I 
AA 
LG 3 1.. 
i-$4-4ý<--, 
Fi. --ae 4: nam? ttr vat-Ir. 
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the a% crage curvature along the zone given by equatio-i 
23 with the cur%uturc at a crack given by equation 13 
at each inercincm of moment is of intercst. 
Tests on sir-le-sran beams 
TEST BEAMS 
Seven sing]. --span beams were tested in an expcri- 
mental programme to check the theory developed 
above. All had a rcclan. -u! ar scctloo 203 min deep x 
102 nim %%itle and %%, ere tested over a simply supported 
span of 4267 mm. The load was applied through a 
centrally mounted screw-jack device operating through 
a spreader beam as shown in Figure 5 to give a cent! al 
conblant-inorn-crit zone 1829 mm Iong. 
Striins were measured on both sides of the beams 
throughout the cons, a nt-mornent zone by means of 
Dcrncc strain gauges With a 50-S mm gauge length. 
Four gauge lengths above mid-depth at each sectio; 
enabled the local curvature to be calculated from the 
gradient of the compressi%c strain distribution. Inter- 
polation tx-t%Necn these readings allowed the curvature 
at a crack to be calculated. The average curvature of 
the constant-moment zone was found by averaging the 
local cur% aturcs. 
Four of the beam-. had straight wires in one row at 
the ccn(roiJ of the concrete section. The wires of the- 
remaining thre. beams. again in one row, were harped 
-points to ircreasa the eccentricity. 'it th, load 
Two-Ics_-. "ed 6.35 min diameter mil, Ntcel stirrups 
%%ere included at 51 min spacing in the shear spans or 
each beam, but only one beam (beant 4) had any sti-, 
rups in the con. itant-monicrit zone. This beam had 
t%%o-le". cd 6-33 mon diameter stirrups at 102 mm 
spacing in that ronc. 
Details ofthe beams are given in Table 1. The stress- 
strain cur--cs '. ýr the prestressing steel are sho%,, n in 
Figure 6. The concrete was Made from graded 2., I; re- 
-ate with a 10 min maximum size and ord; nary Port- 
land CCMC11L. The mix proportions by weight were 
water : cement : aggregate :: 0-5 : 1.0 - 6-0. Prestress 
wal tranJcrred to the concrete at 7 days, and a mr3- 
sure or he elastic. crcep and shrinkage losses %as 
obtained from strain measurements on the concrete 
frojý berorc tran. fer until testing. The beams were 
tested at 28 days. 
Failure was always sudden, even though the loaJinS 
system uould allow the load to drop off at constant 
deflection. 
The reason for this is that. %%. %cn the moment cap3- 
city of the b,; 3m at the failure section begins to de- 
crease. there will be an elastic recovery ol'deformation 
over the remainder or the býam which rebults in an 
increase in deformation at the region or failure. even 
though the deflection at the load-points is being held 
constant. This increj%c in plastic derormation will 
caut. c a rurther reJuction in the moment capacity or 
the critical section %% hich will lead to a sudden failure 
of the beum if the slope of the filling branch or the 
moment-curvaluVe curve for the res., on orfailurc is too 
steep to enable that region to absorb -the energy 
released by the elastic recovery ofth. - remaintler ofthe - 
beam. Thus the slope or the failing branch or the 
monient-cur%vure relationship or the test beams was 
too b(ccp to be detected in these tests. A tebt arrange- 
nient with lebs elastic recovery was evidently necessary 
to trace ralling-branch behaviour. 
The prebcmx of closed stirrups Lt close bpacing. or 
the u,. or heliecs of sinall pitch in the compression 
zone, to increase the %train capacity of the compressed! 
-IN - 
ISO 
- Soo IF, 1 1 ZSO 
coo 
: 00 3SO 
FAILURE 
One or the remuns ror loading by screw jack rather 
than by hydriulic jack was that this method would 
allow observation or any tcl)dci)cy for the load to 
reach a maximum value and then fall off as the dcflcc- 
tion wab increased. In other words. any ralling-branch 
behaviour of the moment-curvature curve could be 
examined. 
Falling-branch behaviour has been observed by La 
Gr3ngc'$,. ffi-c%cr. in none of the bzams tested in 
this programm. -Ai,. falling-branch bchaviourdclected. 
1" 
6- -- -1 see $TRAIN 
Fi&. In- A. f-W to. -It 
rigure S: Test Sri-IV. 
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concrete by confinement. %ould appcýr to bd necessary 
if ductile behaviour is required after crushing of the 
concrete has begun. 
The ultimate moments. shown in Table 1, *agrced 
closely %ith the values predicted by the theory dcvcl- 
opcd abo%c. Apart front beams 3 and 6, the discrcp- 
ancy bct%%, ccn theory and experitnent was bct%%cen I 
and 4%. Beams 3 and 6 suffercd bond failurcs under 
one or the load-point%. The bond railurcs exwndcd far 
cnou, h into the shear %raii anti constant-moment spun 
to enable a Rortion or the beams on hoth %; dc% or the 
load-point to act ai unbonded or rartially bonded 
beams. This resulted in higher curvatures and tower 
failure loads for these two beams. As the prc%trcssing 
wire used for both or these bcams was new and shiny, 
bcam 4. a duplicate to beam 3 but having more pitted 
wire, %%as cast and tested. This bcam behaved satis- 
factorily. 
MEASURED CURVATURES 
Curvature distributions along the constant-moment 
zone dctcrinined from the measured strains along the 
beam are sho%n for t%%o of the beims tested in Figures 
7and B. Thecomparativc uniforniity orthc pcakcurva- 
tures, even at very high moments, should be noted. 
Some previous investigators, forexampIcLaGrange"'. 
have stated that, even in a constant-mornent zone. 
only one or t-ho cracks will %tidcn more than the other 
cracks and the plamic. hinging will cfTcs; tivclv occur 
o%cr only part or the zone. As may be seen from 
Figures i and 8. this hchn%iour was not obscr%ed in 
this test programme. In mos: cases, it was impo-; %ible 
to tell from obscri, ations or the cracks %%here failure 
%%ould occur. even at the penultimate increment or 
load. although c%aniina(ior; or the curvature distri- 
butions in general sho%%s that the concrete above the 
failure crack was subjected to higher compressive 
strains thin the concrete above other cricks. This is 
to be cxp. cied, as failure %%ill occur above the crack -it 
the section -Ahich has ilic lowest compressive strength. 
TABLE 1: Properlics orbcam. tc%tcd. 
cisrs-csfor pirstreucit cusit rele 




Figures 10 to 13 show the theoretical and experi. 
nictitalmomcnt-CurvattirectirvcsrorrourorLlicbcams 
t-%tcd in this studv. For each beam. the theoretical 
via%imum curvature (i. e. the curvature ut a crack) is 
compared with the experimental maximum curvature 
oNaincd from the a%cragi: or the cxpcriincnt; tl curva- 
ture pciks measured at cracks, and the theoretical 
averngc curvature along the constant-momcnt zone is 
compared with the average experimental curvature 
measured along that zone. The theoretical cur,. cs were 
calculated from the theory above, a c6niprcssive 
crushing strain of 0-004 being assumed. Because the 
variation in the actual crushing strairl rrom beam to 
beam was from 0-0035 to 0 0043, the experimental 
maximum curvatures measured at the cracks differ 
somewhat from the theoretical maximum values. The 
values of ultimate compressive strain found from each 
beam individually would give bcttcr agreement be- 
twcen theory and experiment, but it was dcsircd to use 
as little empirical data as posNibic in th. - theoretical 
analvsis and the constant value or 0-004 was chosen. 
To norrnali7c the curves. all values or moment have 
been divided by the theoretical ultimate moment and 
6c curvatures haýe been di%idcd by the theoretical 
allimalc cur%, ature at a crack. 
Rclationship betweeii iwiiieitt and average 
mrraltire 
The agreement bct%%cen theory and experiment for 
the moment vcrstis average curvature curves is the 
must important par. of these graphs, as it gives a 
mcasure or the accuracy or the method or analysis. 
The a: grecincrit is good, even near f'! ailurc where the 
variation bct%Nccn the theoretical and experimental 
cur%cs increases owing to the slight di(rcrence between 
the theoretical and actual ultimate momc-its. 
7- FC-onc - 
ret i%IoduIu%-Thcorct-- Exrýri- 
Number: Dijmclcr I' Steel steel Steel 
Cube or I ical cn: af Average cam: 
No. 
I or I 
", ire 
areA strev. 0 tccen. trcngth! rupture I ultimate ultimate A'f. craCk pres, we Beam 
ircs As I. p triLity It' 
I moment moment racing strain 
Ar. 11- At. C. P at 
(14. 'rnnk*) I RN M) MN m) It imm) failure (mn) mm? ) 
I 




127 77-2 831 0 5Z. 8 4-31 10-16 10.50 1.03 302 00038 
24381 786 0 54-9 3-58 11-32 1 1-57 102 ISO 00036 
327 771**2 655 4 52-3 3-64 is 19 1367 ' 090 140 
: 
656 41 44-9 4-56 14Z 44-73 1-01 1 22 00043 427 77,2 
1 
54S 31 619 42 48ý74 4611 7-52 1.04 140 0,004 1 'I 
4ý2 
1165,868 
1 4-23 0 91 124 - 647 154.3 827 0 52 is 
743 31-1 940 0 54-9 465 11-31 11,61 1-03 155 00035 
* steel slrcý% arler transfcr %%licn lwam ;s subjected to Pero cumature. 
tfc' =0 Sfcv' ua% ft%tinJ from test% on cantrinion cylinder% 
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Ficure M- relationshipi for heaon 4. 
Relationship benveen nionient owl ina. viinwn 
airvaltire 
It is noticeable in Figures 10 to 13 that the agree- 
ment bctv%cen thcory and experimcrit is %cry much 
better ror thda%crigc cur%aturc than for the maximum 
cur%, aturc. This will largely be, doe io crrors in csfim- 
aling the cxp. -rim. emal niaxinium curvaiurcs. The ex- 
pcrimental values for the maximum curvaluic were 
found by cx1rapolat. n. - curvatures measured at 50-8 
mm intervals to obtain the values it the crack%, and 
then averaging the curvatures at the cracks throughout 
the constant-moment 7onc. fr. as is quite probable. 
there is sone loss or bond near the cracks, then the 
curvature at the crack %%ill not peak sharply. as is 
shown in Figures 7 and 8, but will have a small siddic. 
IIa94 06 of I 
Awe 1J. ' Aloovent-etwrioluo e relationAdps for beciopt $. 
Even a small amount or this behaviour uould be 
sufficicrit to e-ri-;,, the comparatively sniall. but 
consiýlcnt. variation bc(34ccn the thCOMiCil 3nd iX- 
perimental maxinitini curvature curves. 
CRACKING AND CONCRETE TENSION 
Br. TWEEN CRACKS 
Althouglithcre%%-a, iioslicarinthcconstant-niomcnt 
zone orcach beam. the initia: ly vertical*11cxur. il crick$ 
split into two inclined cracks at about lite mid-hcight 
of (it. - beam. This bchaViOUr i% cau%ed by vertical 
tensile s(resses set tip at cracks h) lite difTerence be- 
twecn the curvature on the cornprc%sion ard on the 
lcn%ion faces or the beam. A ra or this 
belvi%iour has been given by Fenwick"'. ' 
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MAIN I, IV for thcsý- beams at 0-6.41. and 0-9541., the average of a4 
A- cervature may be as low as 77% and 79Y. of the 
maximum cur%alureb respceti%ely, and at Af. the dir. 
rerence may be even larger. Hencc the use or the more 
accurate values or a, erase curvature may be justified 
when detemining- the deformation or members in 
spite or the . tl, cr long zn. lyýis. particulady since the 
agreement bct%%-cen the tcst resulib and theory is good. 
The theory applies to rceiont, or constant bending 
moment but, in the generaTcasc or., mom. -tit diagram 
with varying ordinates, the metnt)cr could 1), divided 
into small elements or iciigth and the moment at the 
centre oreach &MCIA rcgarded as being constant over 
the feng-th or the clemcnt. The method is too complex 
for hand analysis but it is %%cll suhcd for solution by a 
computer. 
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vised b) the Seconcl- and third-mapted author. - 
The use or a lar. -c number of g3u. p len, -ths, as des- 
cribed above. enab! cd the concrct-. tensile strains 
bct, Acen cracks to be in%estigated. A t3pical situation 
midway b. t%%;; cii cracks is sho%n in Figure 14. More 
crackine ' th, vertical 
distribution of tensile strains is 
linear. As the load is increased after cracking, the 
Icnsi! e strj; n dLcreases at the extreme fibre and in- 
creiscs hig%cr up th-. beam. Eventually a bulge forms 
above the lc%cl of the steel. Finally the strain at the 
ten. ile surface or the beam decreases to i value con- 
b. id.. rabfy less than at cracking and in some ca%es 
actually changes sign to become a %mail comprc-, sivc 
strain. 
Conclusions 
The theory presented in this paper for the moment- 
cur%ature r. lationships or prestres, cd concrete mcm- 
bcr!. including the cffect of concrete tension between 
cracks is detcloped by a purely analytical approach. 
The only empirical data included is. used to clefine th,: 
strcss-strain relationships for concrete and for steel 
and the bond sircbs dittribution between cracks. 
It is shoun that the difference between the avcra. -c- 
curvature along a constant-monicnt zone and the 
maximum cur%ature at a crack may be quite signi- 
ficant. For example, for the beanis or Figures 10 to 13 
at the crickinj; munxnt. Oe average curvature m3y hc 
ai little j- one-halror the nii%iniuni curvalure; al%o, 
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